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Abstract. One weakness of multiple-choice tests is that it gives a chance for test takers to correctly
answer the question without knowing for sure that the selected response is the right one. A good
admission test is a multiple-choice test combination that minimizes the probability of answering the
question correctly by randomly guessing it. In this way, the multiple-choice test will be able to serve
its function as a performance differential or for each test taker. In this article, a mathematical model
that can be used to see the risk of admitting low-performing students for passing the admission
selection using multiple-choice tests will be built. The model is made based on a binomial
distribution combination. The model can be designed to choose the sets of multiple-choice tests that
minimize the probability of admitting low-performing participants. The research methodology is to
review the literature. In this article, we analyze two examples of applications. The illustration in an
example of application 1 gives a result that setting the passing grade at 50 allows only 1 low-
performing participant out of 1,000,000 participants to pass the test for answering the questions
correctly merely by randomly guessing it. Test Il in an example of application 2 is more
homogeneous and sharper in measuring the participants’ performance.

Keywords: binomial distribution, performance, minimize the probability, randomly guessing,

survival function.

1 Introduction

Multiple choice tests have been a popular method for mass selection when test
participants are abundant. The multiple choice test questions are selected based on such
criteria as difficulty level, discriminating power and distractor efficiency. Prior to its use,
they need to be tested for their validity, reliability and discrimination ability. A good test
needs to take the easy, moderate, and difficult question composition into consideration [1].

Multiple choice tests ensure that the grading time is brief and its ability to select
accurately can always be improved based on the combination of the test types used.
Multiple choice tests are used, for example, in university admission test. In this test, two
or more combination tests are given and all of them are multiple choice. For example, Test
I is to test Mathematical ability and Test Il for English proficiency.
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The record of applied research on multiple choice test combination has been
started since 2013. [2], [3], [4], [5]. [6], [71. [81. [9], [1Q], and [11] studied the relationship
between university admission selection test and students’ score acquisition in Mathematics
and Natural Sciences Faculty at Charles University. Similar research at a different faculty
and university has been conducted by Zvara and Andél [12]. A more recent similar article
was published by Wahyuni et al. [13] which provides variations in the types of multiple-
choice tests.

One weakness of multiple choice test is that it gives a chance for test takers to
correctly answer the question without knowing for sure that the selected response is the
right one. This is a case of answering correctly by randomly guessing it [14]. A good
admission test is a multiple choice test combination which minimizes the probability of
answering question correctly by randomly guessing it. In this way, the multiple choice test
will be able to serve its function as a performance differentiator of each test taker.

[15], [16], and [17] has produced research on minimizing the probability of
answering multiple choice test correctly by randomly guessing it. The solution they offered
was to convert the obtained test score (raw data) into a test score in a standard percentage.

In [18] concluded that multiple choice tests manage to distinguish the high-
performing participants from their low-performing counterparts. The risk of admitting
low-performing students can be supressed up to 1 out of 1 million participants [18]. In his
further research, [19] once again suggests that the use of multiple choice tests manages to
minimize the risk of admitting students with low ability. However, for a small number of
test participants, [19] suggests to using a standardized test (without multiple choice) rather
than a multiple choice test.

The minimum number of types/fields of multiple choice tests during an admission
test is two. Each test type should be independent to each other. This means that the
acquired score in one test does not affect the other test. [20] research concluded that there
is an inter-independent relationship between multiple choice tests for all the fields being
tested. As a result, the attained test score for a tested ability has no influence on other
abilities. The results of [20], [21] research are crucial since his inter-independence nature
makes the mathematical calculation easier.

The elements influencing the choice of a test are (1) the number of subjects to be
tested, (2) the number of questions for each subject, (3) the number of response choices

for each question in every tested subject, and (4) the score for each question [22].The rules
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used are that the maximum score of every test type is 100 and the score will not be deduced

for every incorrect response [19].

The multiple choice tests are used using two or more test combinations. In Table

1, the test consists of two types/fields/abilities, making a total of two test subjects. For

example, [19] uses two test subjects, namely Mathematics and English. For Mathematics

test, five options are available for each question. Ten questions are given with the score

for each question being 5 and 5 other questions are given with their score being 10 each.

The total score for Mathematics test is 100. For the English multiple choice test, 40

questions are given with their respective score being 2.5 and four response options are

provided for each questions 4 (Table 1).
Table 1. Multiple Choice Tests with Two Test Subjects

Test Elemenets

Multiple Choice Test Type

Subjects

Group number
Number of questions
Score for each question
Number of alternatives

Total scores

Test | Mathematics Test Il English
1 2 1
10 5 40
5 10 2.5
5 4
100 100

Source: [19].

In another model, [23] uses a multiple choice test as a combination of two subjects,

i.e., Mathematics and English, yet the total number of questions for English test is 50

(Table 2).

Table 2. Multiple Choice Tests with Two Test Subjects

Test Elemenets

Multiple Choice Test Type

Subjects

Group number
Number of questions
Score for each question
Number of alternatives

Total scores

Test | Mathematics Test Il English
1 2 1
10 5 50
5 10 2
5 4
100 100

Source: [23].
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The tests in Tables 1 and 2 have similar combinations, with each of them
consisting of two tests. Test | consists of two question groups and Test Il consists of one
question group. The difference lies in the number of questions and score for each question
in Test I1. In section 3.2 Example of Application 1, an example of how to use of binomial
distribution with a test combination based on Table 1 is provided. Meanwhile, in section
3.3 Example of Application 2, an example of how to develop Tables 1 and 2 is given. In
Example of Application 3, two test types are used with Test I consisting of three test groups
and Test Il consisting of two test groups.

The accuracy of multiple choice test will be better when the number of ability
fields being tested is increased. In other words, the number of tests is increased. In [24]
suggests to add another test for university admission selection, making a total of three tests,
for example Mathematics, English and General Knowledge (Table 3). Mathematics ability
is tested in 50 multiple choice questions with 4 response options and scored 2 for every
correct answer. The English test consists of 40 questions with 4 response options and 2.5
score for each question. Meanwhile, for the General Knowledge test, it is suggested to
increase the number of response options to 5 with 40 questions and 2.5 score for each
question. Every test type in Table 3 consists only of one test group.

Table 3. Multiple Choice Tests with Three Test Subjects

Test Elemenets Multiple Choice Test Type
Subjects Test | Testll  Teslll

Mathematics English  General Knowledge
Number of groups 1 1 1
Number of questions 50 40 40
Score for each question 2 2.5 2.5
Number of alternatives 4 4 5
Total scores 100 100 100

Source: [24].

Analysis of Table 3 provides us with information that Mathematics and English
tests are designed in such a way that their mean is the same, yet the standard deviation of
Mathematics test is lower than English test. This means that the passing participants’
Mathematics ability will be more homogeneous than their English proficiency.
Furthermore, the probability to score 40 or more in English test is greater than in

Mathematics test. General knowledge test is added to make the overall test ability more
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accurate and selective in filtering the passing participants. Adding General Knowledge test
generates lower probability of scoring 40 or more in General Knowledge test than in
English Test. Meanwhile, the average score of General Knowledge test is lower than
Mathematics and English tests.

Based on the explanation above, in this article a mathematical model which can
be used to see the risk of admitting low-performing students for passing the admission
selection using multiple choice tests will be built. The admission test consists of k multiple
choice test types, each of which is characterized by the number of questions, score for each
question and number of response options. Every test type will be assigned a maximum
score of 100 and no penalty is given for every incorrect response.

The model is made based on binomial distribution combination. Every test type
brings with them the appropriate binomial distribution. Using binomial distribution
requires an assumption that the response options are provided randomly (with the same
probability). Using binomial distribution, the probability for the correct response to exceed
a certain amount can be calculated and the number of correct responses can be expected.
The generated model can be designed to choose the sets of multiple choice tests which
minimize the probability of admitting low-performing participants. The criterion for a
participant to be classified as low-performing is those passing the test only due to luck of
randomly guessing yet giving the correct responses which qualify the minimum passing
grade.

2 Materials and Methods

Suppose a random variable is X~bin(n, p) then probability mass function for this
random variable is (Walpole and Myers, 1986):

Pr(X = x) = (Z)pm —p)"* sx=012,....n,0<p<1 (1)

where

(n) _ n!
x) " xl(n—x)!
Expectation and variance of random variable X is
E[X] = np
)
Var(X) =np(1 —p)

Based on the explanation above, in this article a mathematical model which can
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be used to see the risk of admitting low-performing students for passing the admission
selection using multiple choice tests will be built. The admission test consists of k multiple
choice test types, each of which is characterized by the number of questions, score for each
question and number of response options. Every test type will be assigned a maximum
score of 100 and no penalty is given for every incorrect response.

The cumulative distribution function of random variable X~bin(n, p) is

X

F) =P <0 =) ()pk-pm* ®3)

k=0
Binomial distribution is a discrete distribution. The cumulative distribution
function for discrete random variable X~bin(n,p) which has continuous values for

random variable X is:

( 0 ;x <0
F(x)=Pr(X <x) =4 [ o 4)
Z (k)pk(l —-p)»k x>0
k=0

where [x] is integer part of x.
The survival function is defined as
S(x) =1-F(x) (®)
It is important to have the survival function since for the participants to pass the test they
are required to be able to correctly answer x questions with x =0, 1,2, ....
3 Results and Discussion
3.1 Binomial Distribution Modeling
3.1.1 The Binomial Model Construction for Test |
Suppose X1, X,,..... ,X, is k random variables each of which has an inter-
independent binomial distribution, respectively with parameters nq, p1,n,, P2, ...., Nk, Pk-
In short, suppose X;~bin(n;,p;) ;i =1,2,..., k. As an alternative, it is possible p; = p
for every i.
The expectation and variance for random variable X; ;i = 1,2,..., k is obtained
from (2), i.e.,
E[X;] =n; p; ;i=12,...,k (6)
Var(X,)) =n;-p; - (1—p;) ;i=12,....k
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Suppose for Test |, there are k test groups all of which are multiple choice tests with
each of them having the number of questionsnq,n,,....,n, and for each test group, the
score of every question is ay,ay, ..., ay, with XX, a;n; = 100. Suppose the variable Y
indicates the total score obtained using:

Y =a. Xy + aXo+...... +a Xy @)
where,
aq,az....,a >0
x1=012,....,n, x, =0,12,....,19,........ X, =0,1,2,....,n4

The equation (7) can be stated using

k
Y=ZaiXi ;ai>0;xi=0,1,2,....,ni (8)

=1
The random variable X; ;i =1,2,...,k in equations (7) and (8) has the
probability mass function as per equation (1), i.e.

n.
PT(Xi = xl-) = (xll) pixi(l - pi)ni_xi y Xi = 0,1,2,....,ni B 0< Pi <1 (9)

where p; is the probability of guessing/answering correctly whose score is one divided by
the number of response options.

Assuming that each random variable is inter-independent, then

k k k
E[Y]=E Z a;X;| = z a,E[X;] = Z a;n;p; (10)
i=1 i=1 i=1
k k k
Var(Y) = Var Z aX; |= Z aiZVar(Xi) = z aiznipi 1-p) (11)
i=1 i=1 i=1

Suppose the admission selection for Test | is determined by two test groups. The
first one is Test | Group 1 and the second one is Test | Group 2. The test score for Group
1 is stated with random variable X; and the test score for Group 2 is stated with random
variable X,. Assuming that the random variables X; and X, have binomial distribution
respectively and are inter-independent to each other, then the probability for participants
to score y or more can be calculated using the survival function in (5), namely

PY>y)=PX:>y)+P(X;>y) (12)
where 0 <y < 100.

Jurnal Statistika Skewness, Vol. 2, No. 1, pp.1-22, 2025



The Modeling of Multiple-Choice Questions Using
Binomial Distribution |Agung Prabowo

If Test | uses k test groups and every test group is stated as a random variable which
has binomial distribution and is inter-independent to another, then the probability for

participants to score y or more is

k
P(Y>y) = ) PO > ) (13)
i=1

3.1.2 Binomial Model Construction for Test Il
Suppose Wj~bin(m;,p;) ;j = 1,2,...,1. As an alternative, it is possible p; = p
forevery j. Inthiscase, W; ; j = 1,2,..., L has the probability mass function which follows
(1), i.e.,
m; R
Pr(W; = w;) = (Wj)ijf(1 —p)" w;=012,....,m ,0<p; <1 (14)
where p; is the probability of correctly answering the score of which is one divided by the
number of response options. The expectation and variance for random variable W; ; j =
1,2,...,1is formed based on (2), i.e.,
E[W;] =m; - p; =121
Var(Wj) =m;-p;- (1 —pj) ;j=12,...,1

Suppose for Test Il there are [ test groups, all of which are multiple choice tests

(15)

with their number of questions being m;, m,,...., m; and for every test group, the score
for each question is by, b,, ... ., b;, with Z§.=1 bjm; = 100. Suppose the random variable Z

signifies the total score obtained, where
l
j=1

Assuming that every random variable is inter-independent, then

l l l
E[Z]=E Z bW, | = Z bE[W)] = Z bym;p; (17)
=1 =1 =1

! ! !
Var(Z) = Var Z bW, | = Z biVar(W;) = Z bimp; (1-p;) (18)
' =1 =1

j=1
Suppose for Test 11, there are two test groups, namely Test Il Group 1 and Test Il

Group 2, each of which is stated as a random variable with binomial distributions W; and
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W,. Assuming the random variables W, and W, are inter-independent, then the probability
for participants to score z or more can be calculated using the survival function in (5), i.e.,
P(Z>z)=PW;>2z)+P(W, > 2z) (19)
where 0 < z < 100.
If Test 11 uses [ test groups and each test have a binomial distribution and is inter-

independent, then the probability for participants to score z or more is

l

P(Z>z7) = z P(W; > 2) (20)

j=1
Basically, Test 11 is the replication of Test I, thus the way to construct Test Il is exactly the
same as constructing Test I. If the admission test requires the use of two or more test types,
then Tests Il and so forth are constructed using the same way as in constructing Tests |
and II.

3.2 Score v and Choosing Set of Tests
Suppose the admission selection is determined by two tests, i.e., Tests I and II. For
example, Test | is Mathematics test and Test 11 is English test. The mathematics test score
is stated as random variable Yand the English test score is stated as random variable Z,
each has binomial distribution. A participant is declared passing the test if they score
greater than v with 0 < v < 100. for Test | (Mathematics) and Test Il (English). Assuming
the random variables Y and Z, are inter-independent, then the probability of this student to
pass the test is
PY>v,Z>v)=P(Y >v)-P(Z>v) (21)
If the admission selection uses t test types and each test has binomial distribution
which is inter-independent to each other, then the probability of this student to pass the
test is:
P(Ty>v, T, >v,..... , T >v)=P(Ty >v) -P(Ty >v)-.... P(Ty > v) (22)
In this case, the score v can be chosen to allow the used set of tests to minimize
the probability of admitting low-performing participants. For the same set of tests,
increasing the score v will lessen the probability of admitting low-performing participants.
For the same score v, the most accurate set of tests can be determined to filter the admitted

participants. The analysis to select the set of tests is provided in section 3.4.
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3.3 Example of Application 1
In an admission test, two test types are given, namely Tests I and 1. Test | has two

question groups. Every group has multiple choice questions with 5 response options, hence
the probability to answer correctly for every question is p = % Suppose for Test I, Group

1 consists of 10 questions with the score for each question being 5. Group 2 consists of 5
questions with the score for each question being 10. Thus, a; = 5 and a, = 10. Suppose
X, is the random variable of the number of correct responses in Group 1, and X, is the

random variable of the number of correct responses in Group 2. Assuming X; and X, have
binomial distribution respectively withn; = 10,n, =5 andp; = p, =p = %and X, and
X, are inter-independent. The probability mass function for the random variables X; and

X, refers to (9), and provided as equations (23) and (24).

1 X1 4 10—x4
P(Xy=x1) = (}CO) (g) (g) ;x, =0,1,2,...,10 (23)
1
1 X2 4 5—x2
P(X; =x3) = (;’ ) (g) (E) ;%2 =0,1,2,...,5 (24)
2

Suppose Y is the random variable in (7) which indicates the score obtained by
participants in Test I, where
Y = a1X1 + a2X2 = 5x1 + 1OXZ (25)

where 0 <y < 100. The score Y = y is obtained as the sum of scores obtained from
Groups 1 and 2. For Group 1, the scores possibly obtained are 5x; ; x; = 0,1,2,...,10 For
Group 2, the score possibly obtained are 10x, ; x, = 0,1,2,...,5.

For example, based on (25) the score y = 15 is obtained as the sum of score 5 in
Group 1 and score 10 in Group 2 or score 15 in Group 1 and score O in Group 2. The
probability of obtaining score y = 15 is calculated using (23) and (24).

P(Y =15) = P(X; = )P(X, = 1) + P(X; = 3)P(X, = 0)
-MNHEOOOO+HOOO0 @
=0,175922

Based on equation (25) where y = 5x; + 10x,; x; =0,1,2,...,10,x, = 0,1,2,...,5 the
scores possibly obtained for the random variable Y is Y = 0, 5, 10, 15, 20, 25, 30, 35, 40,
45, 50, 55, 60, 65, 70, 75, 80, 85, 90, 95, and 100. Table 4 presents the score of probability

mass function as calculated using equations (23) and (24), the cumulative distribution
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function as calculated using (3) and the survival function as calculated using (5).
P(Y=30) =1-P(Y<30)=1—[P(Y=0UY=5U...UY =25)]
=1—-[P(Y =0)+P(Y =5)+--..4+P(Y = 25)]
=1-0,762649
= (0,237351
P(Y = 40) =1—P(Y < 40) = 1 — 0,933933 = 0,066067
P(Y >50) =1—P(Y <50) =1—0,988161 = 0,011839

Table 4. Frequency Distribution for Test | Score
y P¥=y) P¥<y P¥Yzxy)
0 0.035184  0.035184 1
5 0.087961  0.123145 0.964816
10 (0.142937 0.266082  0.876855

15 0.175922  0.442004 0.733918
20  (0.174547  0.616551  0.557996

25 0.146098  0.762649  0.383449
30 0105227 0.867876  0.237351

35 0.066057  0.933933  0.132124
40  0.036467 0.970400 0.066067

45 0.017761  0.988161  0.029600
50 0.007634  0.995795 0.011839
55  0.002890 0.998685  0.004205

60 0.000957  0.999642 0.001315
65 0.000275  0.999917  0.000358

70  0.000067  0.999984 8.3x 103
75 0.000014 0.999998 1.6 x 107

80  0.000002 1 2x10°
85 3x107 1 0
90 4x10°® 1 0
95 1x10° 1 0
100 3x 10 1 0
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Based on Table 4, the following results are obtained. These indicate that the
greater the scoreytaken, the more accurate the Test | in selecting the admitted participants.
In scorey = 50, 11,839 out of 1,000,000 participants or 12 out of 1000 participants passed
the test by luckily guessing the answers randomly. Statistically speaking, admitting 12
low-performing participants (for passing because of luckily guessing the answers
randomly) out of 1000 participants is still a fair result. The admitted participants’
performance can be improved by increasing the passing grade. Setting the score y = 80
only generates 2 participants who pass the test by guessing the answers randomly out of
1,000,000 participants.

In regard to this explanation, if the admission selection only has one test type, then
the passing grade should be made higher, for example by a minimum score of 80. When
two or more sets of tests are used, the passing grade can be maintained at 50. Further
analysis is provided in Table 6.

Based on formulation (6) for expectation and variance,

1
E[X1]=Tl1><p1=10><—=2

5
1 4 8
VaT(X1)=n1Xp1X(1—p1)=10 Xg)(—zg
1
E[X2]=n2><p2=5><§=1
1 4 4
VaT'(XZ)=n2><p2><(1—p2)=5x§x§=§

Note equation (25), i.e., Y = 5X; + 10X,. Using equations (10) or (17) and (11)
or (18), the expectation and variance scores for random variable Y are:
E[Y] = E[5X; + 10X,] = E[5X,] + E[10X,] = SE[X;] + 10E[X,] = 10 + 10 = 20

k
1 1
E[Y] :Zainipi:(5X10X§)+<10X5X§>=20

=1
Var(Y) = Var(5X; + 10X,) = 25Var(X;) + 100Var(X,) = 120

K

5 1 4 1 4

Var(Y) =Zainipi(1 —p;) = (25 X 10 ngg) + (100 X5 XEXE) =120

i=1

The mean is equal 20 means that every student will score 20. From the variance

120, a standard deviation = 10.95 is obtained. If the 3 sigma criterion is used, a mean plus
3 sigma = 20 + 3(10.95) = 52.85 is obtained. This result can be used as a benchmark that

this test can select fairly if the lowest score is 52.85. Based on the previous analysis, the
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use of a minimum score of 50 only gives a probability of 12 low-performing participants
out of 1000 participants to pass the test. This is supported by the analysis result with a
mean and standard deviation which suggests the use of a minimum score of 52.85 as the
passing grade.

Test 1l only consists of one question group with 50 questions and the score for

each question is 2. Each of these multiple choice questions have four response options,
thus the probability of answering them correctly is p = %. Suppose W is the random
variable which suggests the number of correct responses for 50 questions in Test Il. The
random variable W has a binomial distribution and is stated as W ~bin (m =50,p = i) :

thus it has a probability mass function

50-w

P(W =w) = (?A?) G)W (Z) sw=10,12,...,50 (26)

Suppose the random variable Z suggests the score that participants will obtain in

Test Il where Z = 2w. The score Z = 20 is obtained for W = 10 , thus

40

P(Z =20) = P(W = 10) = (ig) G)m (Z) — 0,098518 (27)

Table 5. Frequency Distribution for Test Il Score
P(Z=2z) P(Z<z) P(Z=z) z P(Z=2z) P(Z<z) P(Z=2)
0.000001  0.000001 1 24 0.129368 0.510986 0.618382
0.000009 0.000010 0.999999 26 0.126050 0.637036 0.489014
0.000077 0.000087 0.999990 28 0.111044 0.748080 0.362964
0.000411 0.000498 0.999913 30 0.088836 0.836916 0.251920
0.001610 0.002108 0.999502 32 0.064776 0.901692 0.163084
10 0.004938 0.007046 0.997892 34 0.043184 0.944876 0.098308
12 0.012345 0.019391 0.992954 36 0.026390 0.971266 0.055124
14 0.025865 0.045256 0.980609 38 0.014816 0.986082 0.028734
16 0.046341 0.091597 0.954744 40 0.007655 0.993737 0.013918
18 0.072087 0.163684 0.908403 42 0.003645 0.997382 0.006263
20 0.098518 0.262202 0.836316 44 0.001602 0.998984 0.002618
22 0.119416 0.381618 0.737798 46 0.000650 0.999634 0.001016

[e0) » ~ N O N
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Table 5. (Continue) Frequency Distribution for Test 1l Score

z P(Z=z) P(Z<z) P(Z=zz) z P(Z=2z) P(Z<z) P(Z=2

48 0.000244 0.999878 0.000366 62 3 x10°8 1 0
50 0.000084 0.999962 0.000122 64 6x10° 1 0
52 0.000027 0.999989 3.8x10° 66 1x10° 1 0
54 0.000008 0.999997 1.1x10° 68 0 1 0
56 0.000002 0.999999 3x10° 0 1 0
58 0.000001 1 1x10° . 0 1 0
60 1x107 1 0 100 0 1 0

Based on Table 5 is obtained:
P(Z=230) =1-P(Z<30)=1—-[P(Y=0UY =2U...uY =28)]
=1—[P(Y=0)4+P¥ =2)+ .. +P(Y = 28)]
=1-0,748080 = 0,251920
P(Z > 40) =1—P(Z <40) =1—0,986082 = 0,013918
P(Z >50) =1—P(Z <50)=1-0,999878 = 0,000122
Based on Table 5, in scorey = 50, 122 participants pass the test by randomly
guessing out of 1,000,000 participants. This means the set of Test Il is more accurate in
selecting the passing participants than the set of Test I. Even at scorey = 60, the
probability for participants to pass the test by randomly guessing is zero.

The expectation and variance scores of random variable W are:
1
E[W] szPZSOXZ= 12,5

Var(W)=m xp x (1 )—50><1><3—150
iy =m=p PI=>070" %™ 16
The expectation and variance scores of random variable Z are:
E[Z] = E[2W] = 2E[W] =2 % 12,5 = 25
150 150
Var(Z) = Var(2W) = 4Var(W) = 4 x -7
The Test I mean is greater than Test I. The standard deviation for Test Il is 6.12.
If the 3 sigma criterion is used, then the mean plus 3 sigma = 25 + 3(6.12) = 43.36 is
obtained. This result can be used as a benchmark that this test can select fairly if the lowest
score is 43.36. Based on the previous analysis, the use of a minimum score of 40 only

gives a probability for 13,918 low-performing participants out of 1,000,000 participants to
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pass the test. At score 50, 122 low-performing participants pass the test out of 1,000,000
participants. Referring to Table 5, the closes score to 43.36 is 44 and only 2,618 low-
performing participants pass the test out of 1,000,000 participants. Hence, the analysis
with the survival function and mean supports each other.

Referring to (21), choosingv = 50, the probability to score 50 or more in Tests |
and Ilis

P(Y = 50) x P(Z = 50) =0,011839 x 0,000122 = 0,000001

If the passing grade is 50 in Test | and 50 in Test Il, then the probability for
participants to pass the test merely by relying on lucky guess is 0.000001. This means only
one out of 1,000,000 participants passes the test merely by guessing the answers. This
result provides adequate confidence that the combination of multiple choice tests can select
participants well and fairly. Only participants with extraordinary ability can pass this test.
The use of other and different pairs of scores v is provided in Table 6. In Table 6, the
passing probability for scores 60, 70, and 80 in Test Il is not included and the value is 0.

Table 6. The Probabilty to Pass on Test | dan Il with Minimum Score v

Test | Probability Test 11 Probability Probabilty to Pass
Score v Test | Score v Test 11
50 0.011839 50 0.000122 0.000001
60 0 0
70 0 0
80 0 0
60 0.001315 50 0.000122 1.6 x 107
70 8.3x10° 50 0.000122 1.0x10°®
80 2x10° 50 0.000122 2.4x 1010

3.4  Example of Application 2
Suppose in Test | the questions are grouped into three by their low, medium, and
high levels of difficulty. The higher the level of difficulty, the lesser the number of
questions, yet the greater the score for each item will be. For example:
K1: Questions with low level of difficulty consists of 12 items with the score for each
item being 3.
K2: Questions with medium level of difficulty consists of 10 items with the score for

each item being 4.
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K3: Questions with high level of difficulty consists of 3 items with the score for each

item being 8.

The total number of questions is 25 multiple choice questions with 5 response
options and a total score of 100. The total scores for questions with low, medium, and high
levels of difficulty are 36, 40 and 24 respectively.

Suppose

Y :the score obtained by participants in Test |
X, : the number of correct responses for 12 items worth 3 score points in Group 1
X, the number of correct responses for 10 items worth 4 score points in Group 2

X5 the number of correct responses for 3 items worth 8 score points in Group 3
The random variablesX;, X,, X5 have binomial distributions each with p = %

The probability density function for each dsitributions is

12 1 X1 4 12—x4
P(Xy=x1) = <x1) (g) (g) ;x1 =01,2,...,12
10 1 X2 4 10—3(,'2
P(Xy; =x;) = (xz) (g) (g) ;x, =0,1,2,...,10
X3 3—-Xx3

== ()OO n=onza

The score points for each item in the three groups are known to be 3, 4 and 8, thus

the score acquisitions for Mathematics test is
Y =3X, +4X,+8X; ;x, =012,....,12 ; x, =0,1,2,....,10 ; x3 = 0,1,2,3.

From y = 3x; + 4x, + 8x3 the values for the random variable Y are y =0, 3, 4, 6, 7, 8,
9,10, 11, 12,13, 14, 15, 16, 17, ...., 99, 100.

Suppose the questions in Test Il are grouped into two by their low and high levels
of difficulty. For example:
K1 : Questions with low level of difficulty consist of 30 items worth 2 score points
K2 : Questions with high level of difficulty consist of 10 items worth 4 score points.

The total number of questions is 40 multiple choice questions with 4 response
options and a total score of 100. The total score points for items with low and high levels

of difficulty are 60 and 40 respectively.

Suppose that,
Z : the score obtained by participants in English test
wy : the number of correct responses for 30 items worth 2 score points in Group 1

Jurnal Statistika Skewness, Vol. 2, No. 1, pp.1-22, 2025



The Modeling of Multiple-Choice Questions Using

Binomial Distribution |Agung Prabowo

W, : the number of correct responses for 10 items worth 4 score points in Group
The random variables W;, W, have binomial distribution each with p = %. The

probability density function for each dsitributions is

30 1 wq 3 30—W1
P(W; =wy) = (W1) (Z) (Z) ;wep =0,1,2,...,30
10 1 wy 3 10—w2
P(W, = wp) = (W )(Z) (Z) ;w, =0,1,2,...,10
2

The score points for each item in the two groups are known to be 2 and 4, thus the

score acquisition for Mathematics test is

Z = 2W, + 4W, ;wy =0,1,2,....,30
From z = 2w, + 4w, the values of the random variable Z isz =0, 2, 4,...., 98,

; wy, =0,12,....,10.

100.
Referring to (21), participants are declared passing the test if they score a

minimum of v = 60 in both tests. The probability to score 50 or more in Tests | and Il is
P(Y = 60) X P(Z =60) =[1—P(Y <60)] x[1—-P(Z < 60)] (28)
For the first term on the right side from (28):

PY<60)=P(Y=0)4+P(Y =3)+P(Y=4)+P{Y =6)+PY =7)

+ o +P(Y = 59)
P(X1=O,X2=0,X3:0)=P(X1=0)XP(X2=O)XP(X3:O)

P(Y =0) =
-GOGO OO OO
RIGBIEE

PY=3)=P(X; =1) x P(X, = 0) x P(X3 = 0)

- E D6 H 06 ©
-(DOEE

P(Y=4)=P(X;, =0) X P(X, =1) x P(X3 = 0)

-6 6 ME 606 6

SGIBHIEION

The continuous calculation isP(Y = 6), P(Y = 7),....., P(Y =58), and P(Y =
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59). For the second term on the right side from (28):
P(Z<60)=P(Z=0)+P(Z=2)+P(Z=4)+--.+P(Y =58)
P(Z=0)=PW,=0,W,=0)=P(W, =0)xP(W, =0)

-DE O DO -DOE

P(Z=2)=P(W,=1,W,=0)=PW, =1) x P(W, = 0)

-AE G R E -CWH0
P(Z=4)=PW,=0W,=1)+P(W;, =2, W, =0)

=PW,=0)xPW,=1)+P(W; =2) x P(W, =0)
3,10

-6 6 6 6 +OE 6 D6 6
0/\4/ \4 1/\4) \4 2/\4) \4 0/\4/ \4
-MEEE D6 6
The continuous calculation is P(Z = 6),P(Z = 8),.....,P(Z = 56),and P(Z = 58). Then,
used the equation (28) for finalized calculation process. The result for this calculation is
not presenting in this paper.
35 Performance of Set of Tests
The performance of set of tests is measured per example of application. In
Example of Application 1, the passing is determined by two tests. Based on Table 7, the
number of questions in both tests is different and the response options provided is also
different. The mean of Test Il is greater than Test I. However, the standard deviation of
Test Il is smaller than Test 1. This means Test Il is more homogeneous than Test I. It is
also characterized by the lower result of mean calculation plus 3 times standard deviation
for Test I1. Based on the probability to score more than a certain point, Test Il gives far
lesser probability. The whole analysis leads to a conclusion that Test Il is stronger in
selecting the passing participants.
Table 7. Statistic for Multiple Choice Test for Example of Application 1

Pass Examination Test | Test 11
Number of Multiple Choice Test 15 40
Number of Alternative Answers 5 4
Mean 20 25
Deviation Standard 10.95 6.12
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Table 7. (Continue) Statistic for Multiple Choice Test for Example of Application 1

Pass Examination Test | Test 11
Mean plus 3 times Deviation St. 52.85 43.36
Probability with score greaterthan 10  87.69% 99.79%
Probability with score greater than 20  55.80% 83.63%
Probability with score greaterthan 30  23.74% 25.19%
Probability with score greaterthan 40 6.61% 1.39%
Probability with score greaterthan 50  1.18% 0.0122%
Probability with score greaterthan 60  0.13% 0%

Probability with score greater than 70 0.000083% 0%
Probability with score greater than 80 ~ 0.000002% 0%
Probability with score greater than90 0% 0%

The performance of set of tests is measured per example of application. In
Example of Application 1, the passing is determined by two tests. Based on Table 6, Test
I is more dominant in its ability to select the passing participants. In Test I, the probability
of passing for passing grades 50, 60, 70, and 80 still has positive points. Meanwhile, the
probability for Test Il is 0, except for the passing grade 50 the probability of which still
has positive point. The 0 probability in Test Il leads the passing probability to have been

0 at passing grade 60.
Table 8. Statistic for Multiple VVhoice Test for Example of Application 2

Pass Examination Test | Test 11
Number of Multiple Choice Test 25 40
Number of Alternative Answers 5 4
Mean 28 25
Standard Deviation 11.17 7.25
Mean plus 3 times Standard Deviation 61.51 46.75

Probability with score greater than 10 - -

Probability with score greater than 20 - -

Probability with score greater than 30 - -
Probability with score greater than 40 - -

Probability with score greater than 50 - -
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Table 8. (Continue) Statistic for Multiple Vhoice Test for Example of Application 2

Pass Examination Test | Test 11

Probability with score greater than 60 - -
Probability with score greater than 70 - -
Probability with score greater than 80 - -

Probability with score greater than 90 - -

In Table 8, the amount of probability to score more than a certain point is not
included. The calculation to obtain it is lengthy. The analysis is based only on the mean,
standard deviation and data distribution values. Test | gives greater mean and standard
deviation, thus the data distribution which is measured plus 3 times the standard deviation
is also greater. This indicates that Test Il is more homogeneous and sharper in measuring
the participants’ performance. From this result, it is assumed that Test II is stronger or

more dominant in selecting the admitted participants than Test I.

4 Conclusion

In general, the illustration in Example of Application 1 gives a result that setting
the passing grade at 50 allows only 1 low-performing participant out of 1,000,000
participants to pass the test for answering the questions correctly merely by randomly
guessing it. The admission test in Example of Application 1 consists of two test types.
Partially, Test Il is more selective in filtering the passing participants. This is characterized
by the fact that 11,839 out of 1,000,000 participants pass the test merely by guessing it, and
only 122 in for test Il at passing grade 50. If the passing grade is increased to 60, 1,315 out
of 1,000,000 participants still pass the test merely by guessing it for Test I, and none for
Test Il. This means, at passing grade 60, when only Test Il is used, all the admitted

participants are truly those with the expected ability.
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