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Abstract. This paper discusses the sufficient condition so that the solution of the initial
value problem of fractional ordinary differential equation,

D%u(t) = f(t,u(t)) on [0,T) x (0, ).
u(0) = uy >0,
where D% is Riemann-Liouville fractional derivative operator defined as

Deu(t): = —) ” f (t — 5)-u(s)ds

and I" is Gamma functionwith 0 < a < 1, eX|sts uniquely and blows up in finite time.
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INTRODUCTION

Consider the initial value problem of (non-fractional) ordinary differential
equation

%:f(u), O<u<on.
u(0) =uy > 0. 1)

When f(u) = uP, the solution of the problem (1) is
u(®) =[(p — (T - )]

WhereT—pLu0 Plfl<p<owthenu(t) > wast— T~. It means that u

L
-

can not extend globally in time or u is said to blow up in finite time. Many
mathematicians have discussed the blow up of the solution of the (non fractional)
ordinary/partia differential equations. One can know the discussion about thisin
[2] or [3].

In this paper, we will discuss the blow up of the solution of the initial value
problem of fractional ordinary differential equation
D%u(t) = f(t, u(t)) on (0,T) x (0, x).
u(@) =uy,>0 2
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where D% is Riemann-Liouville fractional derivative operator defined as
t

%dtj(t —s)"%u(s)ds

and I" is Gammafunction with0 < a < 1. Asfor fractional differential equations,
one can read more completely about it, for an example, in [3]. Specificaly, we
will find the sufficient condition so that the solution of the problem (2) exists
uniquely. Moreover, we will aso find the sufficient condition so that the solution
blows up in finite time. The result about the blow up notion for fractional ordinary
differential (2), as a ordinary diferential equation part of fractional semilinear
parabolic equation, will be useful to describe the blow up notion for fractional
semilinear parabolic equation itself.

D%u(t): =

MAIN RESULT

In order to discuss the blow up notion, of course, we must determine the solution
of the problem (2) first. Consi der

f (t — s)"u(s)ds = £ (& u(®)).

F(l a) dt
It follows that

f(t —5)"%u(s)ds = fF(l — a)f(s,u(s))ds.
Then we have i i

u(t) =T(1 — a)(T — 0)%f (¢, u(t))
for someT € (0, ). By theinitial condition,
1/«

T:Ga{aY§ZQ

For an example, we will find the solution of the problem (2) for £(t, u(t)) = (u(@®))".
Thenon trivia solutionis

w(®) = [F(1 — a)(T — )*T7
where
1 1/a

T = |———u,t™?
T(l—a)



The Blow up of The Solution 49

Therefore, we have
1

u P 1/a *11-p
F(l - (Z) <<m> - t) .

If p > 1thenu(t) » oast - T~. It means that the solution u blows up in finite
timeT < o. This result is similar to that of the problem of (1), the initia value
problem of (non fractional) ordinary differential equation.

u(t) =

Next, we will find the sufficient condition so that the problem (2) has a unique
solution. Suppose that F is afunction defined as

F(u(®)):=T(1 — a)(T — 0)%f (¢, u(®))
and there is a function u, on [0,) so that |f(t,u(t))—f(t,v(®))| <
ta(®)]u(t) —v()| and

0<p,(t) < t € [0, ).

1
rd—a)r*’
We will investigate the existence and the uniqueness of the solution u. Consider

|F(u(®)) = F(v(8))| = IT(X — a)(T — )| f (¢, u(t)) — f(t, v(@©)]
(1 —a)Tef(t,u®) — f(t,v(®)|
(1= a)T%ua () |ule) — v(®)l
< pa () u(t) —v(D),
where p,(t) =T(1 — a)T%u(t). It is clear that 0 < p,(t) <1 based on our
assumption. By Contraction Mapping Principle, the solution u exists uniquely.

<
<

After discussing the existence and the uniqueness of the solution, we discuss the
sufficient condition so that the solution blows up in finite time. Suppose that

- tu
few) 21+ s 7T —pe
on [0, T) x (0,0). It implies
u(t) =T — a)(T — t)%f(t, u(t))
>T(1—a)(T-1t)* (1 +

1 tu(t)
T(l—a) T(T - t)a>

>T(1 - a)(T — )% + %u(t)

or
u(ty > L= DT =07 ©)

=7




B. H. Guswanto 50

Consider that

. '@ —-a)(T-t)* o alr(A = a)(T —t)*?
lim = lim

T~ t ST~ 1

t-T 1_T t->T ¥
. allr(l-a)
e
= 0.

Because of (3), we conclude that lim,_,;- u(t) = c. It means that the solution u
blowsup infinitetimeT.

CONCLUSION

Based on our discussion in preceding section, we have two main results
concerning the blow up of the solution of the problem (2).

The following theorem gives us the sufficient condition so that the problem (2)
has a unique solution.

Theorem 1. Suppose that thereis afunction u, on [0, «) such that
|F(t.u(®) = F(£.v(®)] < neOlut) — v(©)]
and

t € [0, ),

1
0= < —gyre

where
1 Uo 1/a
"= (= )
r(A—a) f(u)
Then theinitial value problem of fractional ordinary differential equation (2) has a
unique solution.

The next theorem gives us the sufficient condition so that the solution of the
problem (2) blows up in finite time.

Theorem 2. Suppose the function £: [0, ) x (0,) — (0, ) satisfies
tu
> .
A (s s v
on [0,T) x (0,). Then the solution of the initia value problem of fractional
ordinary differential equation (2) blowsupinfinitetimeT.
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This result can be used as basis to discuss the blow up of the solution of fractional
semilinear parabolic equation. The result about the solution of the linear part of
fractional semilinear parabolic equation is also needed to discuss the blow up of
the solution of fractional semilinear parabolic equation.
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