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Abstract. This paper discusses the sufficient condition so that the solution of the initial 
value problem of fractional ordinary differential equation,    ( ) =    ,  ( )  on [0,  ) × (0,∞). 
                                              (0) =   > 0,                                                                                             
where    is Riemann-Liouville fractional derivative operator defined as    ( ): = 1 (1 −  )     ( −  )   ( )   

  

and   is Gamma function with  0 <  < 1, exists uniquely and blows up in finite time. 
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INTRODUCTION 

Consider the initial value problem of (non-fractional) ordinary differential 
equation     =  ( ), 0 <  < ∞. 
                                         (0) =   > 0.                                                              (1) 

When  ( ) =   ,  the solution of the problem (1) is   ( ) = [( − 1)( −  )]      

where  =          . If 1 <  < ∞  then  ( ) ⟶ ∞  as  ⟶   . It means that   

can not extend globally in time or   is said to blow up in finite time. Many 
mathematicians have discussed the blow up of the solution of the (non fractional) 
ordinary/partial differential equations. One can know the discussion about this in 
[2] or [3]. 
 
In this paper, we will discuss the blow up of the solution of the initial value 
problem of fractional ordinary differential equation    ( ) =    ,  ( )  on (0, ) × (0,∞). 
                                       (0) =   > 0                                                                (2) 
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where    is Riemann-Liouville fractional derivative operator defined as    ( ): = 1

Γ(1 −  )     ( −  )   ( )   
  

and Γ is Gamma function with 0 <  < 1. As for fractional differential equations, 
one can read more completely about it, for an example, in [3]. Specifically, we 
will find the sufficient condition so that the solution of the problem (2) exists 
uniquely. Moreover, we will also find the sufficient condition so that the solution 
blows up in finite time. The result about the blow up notion for fractional ordinary 
differential (2), as a ordinary diferential equation part of fractional semilinear 
parabolic equation, will be useful to describe the blow up notion for fractional 
semilinear parabolic equation itself. 
 
MAIN RESULT 
In order to discuss the blow up notion, of course, we must determine the solution 
of the problem (2) first. Consider  1

Γ(1 −  )     ( −  )   ( )   
 =    ,  ( ) . 

It follows that  ( −  )   ( )   
 =  Γ(1 −  )   ,  ( )   . 

  

Then we have  ( ) = Γ(1 −  )( −  )    ,  ( )  
for some  ∈ (0,∞). By the initial condition,   =  1

Γ(1 −  ) ∙    (  )  / . 
 
For an example, we will find the solution of the problem (2) for    ,  ( ) =  ( )  . 

The non trivial solution is  ( ) = [Γ(1 −  )( −  ) ]       
where  =  1

Γ(1 −  )       / .
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Therefore, we have 

 ( ) =  Γ(1 −  )       
Γ(1 −  )  / −         . 

If  > 1 then  ( ) → ∞ as  →   . It means that the solution   blows up in finite 
time  < ∞. This result is similar to that of the problem of (1), the initial value 
problem of (non fractional) ordinary differential equation. 
 
Next, we will find the sufficient condition so that the problem (2) has a unique 
solution. Suppose that   is a function defined as  ( ( )): = Γ(1 −  )( −  )    , ( )  
and there is a function    on [0,∞)  so that     ,  ( ) −    ,  ( )  ≤  ( )| ( ) −  ( )| and   0 <   ( ) < 1

Γ(1 −  )  ,    ∈  [0,∞). 
We will investigate the existence and the uniqueness of the solution  . Consider     ( ) −    ( )  = |Γ(1 −  )( −  ) |    , ( ) −    ,  ( )   
                                              ≤  Γ(1 −  )      , ( ) −    ,  ( )   
                                              ≤  Γ(1 −  )    ( )| ( ) −  ( )| 
                                              ≤   ( )| ( ) −  ( )|,  
where   ( ) = Γ(1 −  )   ( ).  It is clear that 0 <   ( ) < 1  based on our 
assumption. By Contraction Mapping Principle, the solution   exists uniquely. 
 
After discussing the existence and the uniqueness of the solution, we discuss  the 
sufficient condition so that the solution blows up in finite time. Suppose that    ( , ) ≥ 1 + 1

Γ(1 −  ) ∙    ( −  )  

on [0, ) × (0,∞). It implies 
                               ( ) = Γ(1 −  )( −  )    ,  ( )                                                      ≥ Γ(1 −  )( −  )  1 + 1

Γ(1 −  ) ∙   ( ) ( −  )                   ≥ Γ(1 −  )( −  ) +    ( ) 

or                                                ( ) ≥ Γ(1 −  )( −  ) 1 −   .                                                (3) 
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Consider that 
 lim →  Γ(1 −  )( −  ) 1 −   = lim →   Γ(1 −  )( −  )   1  

                        = lim →    Γ(1 −  )( −  )    

                                                             = ∞. 
Because of (3), we conclude that lim →   ( ) = ∞. It means that the solution   
blows up in finite time  . 
 
CONCLUSION 
Based on our discussion in preceding section, we have two main results 
concerning the blow up of the solution of the problem (2). 
 
The following theorem gives us the sufficient condition so that the problem (2) 
has a unique solution. 
 
Theorem 1. Suppose that there is a function    on [0,∞) such that      ,  ( ) −    ,  ( )  ≤   ( )| ( ) −  ( )|  
and 0 <   ( ) < 1

Γ(1 −  )  ,    ∈  [0,∞), 
where   =  1

Γ(1 −  ) ∙    (  )  / . 
Then the initial value problem of fractional ordinary differential equation (2) has a 
unique solution.  
 
The next theorem gives us the sufficient condition so that the solution of the 
problem (2) blows up in finite time. 
 
Theorem 2. Suppose the function  : [0,∞) × (0,∞) → (0,∞) satisfies  ( , ) ≥ 1 + 1

Γ(1 −  ) ∙    ( −  )  

on [0, ) × (0,∞). Then the solution of the initial value problem of fractional 
ordinary differential equation (2) blows up in finite time  . 
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This result can be used as basis to discuss the blow up of the solution of fractional 
semilinear parabolic equation. The result about the solution of the linear part of 
fractional semilinear parabolic equation is also needed to discuss the blow up of 
the solution of fractional semilinear parabolic equation. 
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