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ABSTRACT. In this article, we discuss the semigroup-like property of Mittag-
Leffler function which is used to solve the initial value problem of an ordinary
differential equation involving Caputo fractional derivative.
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ABSTRAK. Pada artikel ini, kita membahas sifat mirip semigroup dari fungsi
Mittag-Leffler yang digunakan untuk menyelesaikan masalah nilai awal suatu
persamaan diferensial biasa yang menggunakan turunan fraksional Caputo.

Kata kunci : sifat mirip semigroup, fungsi Mittag-Leffler, turunan fraksional
Caputo.

1. INTRODUCTION
Let us consider the following initial value problem
Dv(t) = Av(t) + f(t), t>0,
v(0) = vy (1)
where 2 € C and f is a complex function defined in (0,). We can find that if
v:[0,00) - C is a continuous function solving the problem (1) then it is given

uniquely by

t
v(t) = vyt + f =9 f(5)ds, t> 0.
0
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If f = 0, we have the homogeneous case of the problem (1) and v(t) = vye? is the
solution to the case. Moreover, it is not difficult to show that, for s > 0, e+ is the
solution to the problem (1) in case v, = e*Ssatisfying

pMt+s) — pAtgas 2)

The identity (2) is called semigroup property of exponential function.

We now consider the initial value problem
Dfv(t) = Av(t) + f(t), t >0,
v(0) = v, 3)
where 1 € C, f is a complex function defined in (0,00), and DZ is the Caputo
fractional derivative of order a defined by

(=)

Dfv(t) = | =———=
) I'l-oa)

Dsv(s)ds, 0<a <1,

where T' is Gamma function. Here, we review specially the application of Mittag-
Leffler function to solve the problem (3) and derive semigroup-like property of the
function. More generally, one can refer to (Guswanto, 2015) for similar discussion in

abstract problem employing functional analysis theory.

This article is composed of three sections. In the second section, we introduce briefly
Mittag-Leffler function and its properties. In the last section, we show the semigroup-

like property of Mittag-Leffler function.

2. MITTAG-LEFFLER FUNCTION

In this section, we introduce Mittag-Leffler function defined by

E =Z—, , 0 >0, zeC.
ap(2) 0F(cm+ﬁ) B z
n=

This function is entire and can be represented in the integral form
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1 eiqa—ﬁ
— 1 -

E“’ﬁ(z)_zm (Ul—zdc' {HMeery,

and
1 1 eS¢k
—_,a-p 1 1
Eqp(2) =~z Pllagl/a 4 i | 7o dg, (M e,

where

Io=1{z€Clarg(2)| = w,|z| = r} U {z € C: |arg(2)| < w,|z| =1}
and I, (IF,,) is the area lying on the left (right) hand side of the contour I} ,, with

0<a<2,pelCr>0,andn/2 <w<Tm.

We now give estimates for Mittag-Leffler function. For u € R such that ta /2 < u <

min{m, ma}, there are D; € R, i = 1,2,3 such that, for |z| = 0, |arg(2)| < u,

|Eq5(2)| < Dy (1 + |2]) AR agRe(z"/) 4 - fZIZI 4)
and, for |z| = 0, u < |arg(2)| < m,
|Eap(2)| < s (5)
’ 1+ |z
We also have the Laplace transform of Mittag-Leffler function, that is
L(tF1Eg 5 (A7) ) () = L Re®) > e (6)
B Tk )

where Laplace transform is defined by

o)

LF©)E) = [ e f@de, f € 12((0,0).

0

Furthermore, we can derive some identities involving Mittag-Leffler function, those

are
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DE,(At*) = At* E, o (At%), t >0, (7)
and
DFE,(At%) = AE,(At%), t > 0. (8)
We refer to (Kilbas et al., 2006) or (Podlubny, 1999) for more details concerning the
fractional derivative and Mittag-Leffler function.

3. RESULTS AND DISCUSSION
We consider again the problem (3). We can find that the Laplace transform of (3) is

EXL(W)(E) — E¥ vy = ALW)(E) + L(H)(&).
Then

e+ K, Re(©) > Al
E“—/lvo Ty , Re .

By the invers of Laplace transform, we have

L)) =

v(t) = E,(At%)vy + J(t — )%, (At — $)O)f(s)ds, t>0. (9)
0

By the uniqueness of the invers of Laplace transform, the solution v(t) is unique.

We next prove that Mittag-Leffler function does not satisfy semigroup property. In
order to do this, we prove that E, (A(t + s)%) solves the problem
Dfv(t) = Av(t) — F(t), t >0,
v(0) = E, (As9) (10)
where

B S(t+s—r)

a
F(t) = rd—a) D,.E,(Ar®)dr, t > 0.

We show first that the complex function F is defined in (0, o) for any A € C and
s > 0. We suppose that ma/2 < ¢ < min{m, ta}. Observe that, by (5) and (7), for
A € Cwith ¢ < |arg(D)| < m,
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A epantlg (e
F(t) Smf(t+s—r) T 1|Ea,a(/1r )ldT‘
0

S
|41Dg
< _ —-a,.a—1 ay—1
_—F(l—a)f(t-l_s )" (1 + |Alr®) " tdr
0

|4]Ds

< ) Of(s — ) % gr

_|AIDsB(a, 1 — @)
r1-—a) ’
and, by (4) and (7), for A € C with |arg(1)| < ¢,
|A|D,B(a, 1 — a)
I'l1—-oa)

t>0

F(t) <

S
41D, —a,a-1 ay =2 rRe(AY/%)
+mf(t+s—r) re A+ Ar%) ae dr
0

- |A|D,B(a, 1 — )
- INGIEEN))

i-a
|A1(1 + |A]s*) a Dy
I'l1-oa)

s
J(s _ r)—ara—lerRe(/ll/“)dr
0

1-«a
_|AID2B(a,1 — @) s IA|(1 + |A|s*) @ D,D,
T T(l-a) rl1-a) ’

t>0,

where

1
B(a,b) = fra‘l(l —r)bdr, a,b >0,
0
is Beta function and

1
D, = f (1= p)~p~TesReldVdp,
0
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Thus the function F is defined in (0, ) forany 1 € Cand s > 0.

Next, consider that

F(t—1)°

J T =) D.E,(A(t + s)®)dt

DgEa(/l(t +5)%) =

t+s

(t+s—r)“ a
_ f Ry DrEalrydr

=tj+s(t+s—r)‘“

[24
a—a) D,E,(Ar%*)dr

S
(t+s—r) @

a
ra—a) D, E,(Ar%)dr

= DiisEq(A(t +5)%) — F(¢) (11)
By (8), the equation (11) is reduced to
DFEL(A(t + 5)%) = AEL(A(t + 5)%) — F(t).
It follows that v(t) = E,(A(t + s)*) solves the problem (10) and, by (9), it is

uniquely represented by
t
E,(A(t + s)*) = E,(At*)E,(As%) — J T 1, o (ATY)F (t — T)dT
0

and, moreover, by (7), it becomes

Eq(A(t + 5)*) = Eq(At%)E4(As%)
t

S(t+s—r—r)‘“ a1 a a
—Af! - (tr)*  Ey o (ATY)E g o (Ar*)drdrT . (12)

We call the identity (12) semigroup-like property of Mittag-Leffler function.

0
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