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ABSTRACT.  This paper gives details on the development of multiplication  -

semigroups and presents a survey of existing results obtained in the literature. 

Substantial number of observations due to multiplication semigroups and multiplication 

 -semigroups, and research problems dealing with multiplication Γ-semigroups are also 

included. 
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ABSTRAK. Artikel ini menjelaskan secara rinci perkembangan  -semigroup multiplikasi 

dan menyajikan survey hasil-hasil yang telah ada yang diperoleh dari literatur. Sejumlah 

penelaahan substansial mengenai semigrup multiplikasi dan  -semigroup multiplikasi, 

dan masalah-masalah penelitian yang berkaitan dengan  -semigroup multiplikasi juga 

disajikan dalam artikel ini. 

Kata Kunci: Ring Multiplikasi, Semigrup Multiplikasi,  -semigroup Multiplikasi. 

 

1. INTRODUCTION 

The concept of multiplication rings was introduced to create an algebraic 

structure that incorporates the notion of ideal factorisation. Specifically, a ring   

is termed a left (right) multiplication ring if, for any two ideals   and   of   where 

  is a subset of  , there exists an ideal   of   such that            . A ring   

is designated as a multiplication ring if it satisfies both left and right 

multiplication ring conditions. In the case of a commutative ring,   qualifies as a 

multiplication ring if and only if the set of ideals        is a subset of the set of 

 -modules          . 

(Krull, 1948) originally introduced multiplication commutative ring as a 

generalization of Dedekind domain. The study of multiplication rings has 

garnered considerable attention from various researcher, leading to the application 
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of potent ideal-theoretic techniques to characterise them extensively, as cited in 

(Gilmer & Mott, 1965), (Griffin, 1974), (Larsen & McCarthy, 1971), (Mori, 

1934), (Mott, 1964), and (Mott, 1969).  

With the advancement in semigroup theory, a parallel line of research 

emerged, introducing the concept of multiplication semigroups. (Mannepalli, 

1975) pioneered this notion by utilising commutative semigroups, which are not 

groups, aiming to establish a framework akin to multiplication rings within the 

realm of semigroup theory. Subsequently, (Mannepalli & Satyanarayana, 1976) 

collaborated and studied the dual of multiplication semigroups in the non-

communicative case. 

Generalisation plays a very vital role in mathematics. In semigroups,  -

semigroups are one of their generalisations. (Sen, 1981) initiated the concept of  -

semigroups. Later, (Sen & Saha, 1986) revisited the definition of  -semigroup by 

pragmatically loosening the defining conditions of  -semigroup for expediency. 

The development of  -semigroups depends on the fact that subsets of a semigroup 

inherently inherit associativity but are not necessarily closed. As a result of this, 

various generalisations and similarities of corresponding results in semigroup 

theory have been obtained based on the modified definition in (Awolola & 

Ibrahim, 2024), (Dutta & Chattopadhyay, 2006), (Saha, 1987), (Sen & Saha, 

1990), (Sen & Chattopadhyay, 2004), and (Seth, 1992). 

In an attempt to broaden the theoretical aspect of  -semigroup theory, 

(Awolola & Ibrahim, 2023) introduced and established some properties of 

multiplication  -semigroup. The motivation behind their study is based on the 

two-fold concept of multiplication semigroups presented by (Mannepalli & 

Satyanarayana, 1976). The work of (Sen and Chattopadhyay, 2016) and (Ibrahim 

& Awolola, 2023) serves as motivation for this paper in that the research articles 

dealt extensively with a survey on  -semigroups without  -semigroups satisfying 

 -multiplication property. 
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2. PRELIMINARIES 

We review some of the fundamental terminology in the theory of 

semigroups and  -semigroups from (Clifford and Preston, 1961), (Clifford and 

Preston, 1967), and (Sen and Saha, 1986), respectively. 

Subsequent sections of this paper are organised according to commutative 

multiplication semigroups, non-commutative multiplication semigroups, 

multiplication  -semigroups in a non-commutative case, and research problems. 

The definitions and some existing results related to the aforesaid algebraic 

structures are reviewed in the following sections.  

2.1   Semigroups 

Let   be an arbitrary semigroup. If   has an identity, set      . If   does 

not have an identity, let    be the semigroup   with an identity adjoined, usually 

denoted by the symbol 1.  

A subset   of   is a left (right) ideal of   if for every     and     we 

have            . If   is both left and right ideal, then it is an ideal of  . A 

(left, right) ideal   is an idempotent (left, right) ideal if     . 

By a proper ideal of  , we mean an ideal distinct from  . The terms 

“properly contained in” and “contained in or equal” are represented by the 

symbols   and  , respectively. For any (left, right) ideal   of  ,     
    is 

denoted by   . A proper left (right) ideal   of   is a maximal left (right) ideal of 

  if   is not contained in any larger proper left (right) ideal of  . A semigroup   is 

called a left (right) simple if it contains no proper left (right) ideal, that is, for 

every    ,            . The semigroup   is called simple if it has no 

proper ideals. A semigroup   is semisimple if      for every ideal   of   (that 

is, every ideal is idempotent). 

A left (right) ideal   is finitely generated if  

      
                

         . 

An ideal   is finitely generated if  

      
                  

where            are a finite number of generators of  . In particular, if  



4                                                                                        J. A. Awolola and M. A. Ibrahim 

 

 

      ,        and              , 

then   is called a principal left ideal, principal right ideal and principal ideal. For 

any    , the principal left ideal, principal right ideal and principal ideal 

generated by   is denoted by    ,     and      . 

Let   be a semigroup. Then   is said to be left (right) cancellative if 

                       

for all        . A semigroup   is called cancellative if   is both left and right 

cancellative. 

Let   be a semigroup. An ideal   of   is a prime ideal whenever   and   are 

any two ideals with      and    , then    . Suppose   is an ideal 

contained in  . Then   is a minimal prime divisor of   whenever       for 

some prime ideal  , then    . Radical of an ideal  , denoted by √ , is the 

intersection of all its minimal prime divisors. An ideal   is a primary ideal 

whenever   and   are ideals with      and    , then   √ . Further,   

is  -primary for any prime ideal  , if   is primary with √   . If every ideal of 

  is finitely generated and principal, then   is called a Noetherian semigroup and 

principal ideal semigroup, respectively. A semigroup   is called regular if for 

every    ,       for some    . The semigroup   is said to be (left, right, 

intra-) regular if for each    , there exist       such that              

       . A semigroup   is called   -simple if it contains no proper prime 

ideals. Clearly,   -simple semigroups are archimedian semigroups as defined in 

(Petrich, 1973, p. 49). 

Let    <             of     proper prime ideals of   be a chain. The 

length of such a chain is the integer  . The dimension of  , denoted by dim  , is 

the supremum of the lengths of all chains of distinct proper prime ideals of  . If   

contains no proper prime ideals, then dim   is undefined. It is noted in 

(Mannepalli, 1975) that dim     or   where   is a non-negative integer. If   is 

a minimal prime divisor of an ideal   of  , then the intersection of all  -primary 

ideals containing   is called the isolated  -primary component of  . The 
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intersection of all the isolated  -primary components of  , as   runs through the 

minimal prime divisors of  , is called Ker  . 

2.2    -Semigroups 

Let               and                be two non-empty sets. Then   is 

called a  -semigroup if there exists a mapping                   

      satisfying                 for all         and      . Let   be 

an arbitrary semigroup and   any non-empty set. Define          by 

       for all       and    . Then   is a  -semigroup. Thus, a semigroup 

can be considered to be a  -semigroup. However, any  -semigroup need not be a 

semigroup. For instance, let            and    . Then   is a  -semigroup 

with respect to multiplication of complex numbers, whereas   does not reduce to a 

semigroup with respect to multiplication of complex numbers.  

A non-empty subset   of  -semigroup   is said to be a  -subsemigroup of   

if      . If   and   are two non-empty subsets of a  -semigroup  , then     

is defined as                    and     . For simplicity we write 

   ,     and     in place of      ,       and       respectively. 

Let   be a  -semigroup. A non-empty subset   of   is called a left (right)  -

ideal (or simply a left (right) ideal) of   if               . Further, a non-

empty subset   of a  -semigroup   is called a  -ideal if   is both a left and a right 

 -ideal of  . A left (right)  -ideal   of a  -semigroup   is called idempotent if 

     . A left (right)  -ideal   of   is called a proper left (right)  -ideal of   if 

   . A proper left (right)  -ideal   of   is called a maximal left (right)  -ideal 

of   if   is not contained in any proper left (right)  -ideal of  . A  -semigroup   

is called left (right) simple if it contains no proper left (right)  -ideal, that is, for 

every    ,               . A  -semigroup   is said to be semisimple if 

〈 〉 〈 〉  〈 〉 for each element   of  . 

A  -semigroup   is called regular if for each    , there exist     and 

       such that        . Now,   is termed (left, right, intra-) regular if for 

each    , there exist       and         such that  

                            . 
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Let   be a  -semigroup. An element   of a  -semigroup   is called an  -

idempotent if       for some    . The set of all α-idempotents is denoted by 

   and we denote        by     . The elements of      are called idempotent 

elements of  . Every element of      is called an idempotent element of  . In a 

regular Γ-semigroup  , we have that      is a non-empty set. 

A  -semigroup   is said to be left (right) cancellative if  

                            

for all          ,      . A  -semigroup   is called cancellative if   is both 

left and right  -cancellative. 

It is well known that for each element   of a  -semigroup  , the left  -ideal 

      containing   is the smallest left  -ideal of   containing  . If   is any 

other left  -ideal containing  , then        . This is denoted by 〈 〉  and 

called the principal left  -ideal generated by the element  . Similarly, for each 

   , the smallest right  -ideal containing   is       which is denoted by 〈 〉  

and called the principal right  -ideal generated by the element  . The principal  -

ideal of   generated by the element   is denoted by 〈 〉 and 〈 〉        

         .  

 

3. COMMUTATIVE MULTIPLICATION SEMIGROUPS 

A commutative semigroup   earns the title of a multiplication semigroup 

when it adheres to the rule that whenever two ideals   and   of   are such that   

is a subset of  , there exists another ideal   such that   equals the product of   

and  . That is,     . The commutative semigroup under consideration is not a 

group. Below, we provide some illustrative examples to aid readers in grasping 

this concept. 

(i)  The set of integers modulo   with respect to multiplication is a multiplication   

      semigroup. 

(ii)  Let                       with                        . It 

can be easily verified that   is a multiplication semigroup. 
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The following result by (Mannepalli, 1975a) presents the structure of 

multiplication semigroups containing identity element in the commutative case. 

 

Proposition 3.1. In a multiplication semigroup  , the following assertions are 

true. 

(i)     ,       for any ideal  ,         for every    . 

(ii) If   contains a cancellable element, then   contains identity. 

(iii) If   is a prime ideal which is properly contained in an ideal  , then     ;  

moreover,      or      . 

(iv) If   is a prime ideal with         for any positive integer  , then    is a 

prime ideal. 

(v) Every ideal with prime radical is primary ideal; in particular, if   is a prime 

ideal, then    is a  -primary ideal for any positive integer  . 

(vi) Every primary ideal is some power of its radical. 

(vii) If   is proper prime ideal and   is any ideal such that     ,        for 

some positive integer  , then          for some       . 

(viii) If   is an idempotent ideal of  , then   is a multiplication semigroup; in 

particular, for any     we have      for some    . 

(ix) Every homomorphic image o f   is a multiplication semigroup. 

(x) If   is noetherian, then    Ker   for every ideal   of  . 

 

Theorem 3.1. If   is a regular semigroup or a principal ideal semigroup, then   is 

a multiplication semigroup. 

 

It was noted in (Mannepalli, 1975a), that the converse to Theorem 3.1 need 

not be true by the above example (ii). Indeed,   is a multiplication semigroup. 

However, it is neither a regular semigroup nor a principal ideal semigroup. 

(Mannepalli, 1975a) observed that regular semigroups and principal ideal 

semigroups containing identity elements form subclasses of multiplication 

semigroups. However, the aforementioned subclasses do not exhaust all 

multiplication semigroups containing identity. This observation motivated the 
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author to establish the conditions under which multiplication semigroups are 

regular or principal ideal semigroups. Meanwhile, the conditions for regularity in 

the case of arbitrary multiplication semigroups could not be deduced. 

Nonetheless, the conditions for multiplication semigroups in which every ideal is 

a product of prime ideals to be regular were provided. This class of semigroups 

includes all noetherian semigroups and some non-noetherian semigroups. 

This observation leads to the following theorem and corollary. 

Theorem 3.2. Let   be a multiplication semigroup in which every ideal is a 

product of primary ideals. Then   is regular if and only if every prime ideal is 

idempotent. 

 

Corollary 3.1. A noetherian multiplication semigroup   is a regular semigroup if 

and only if every prime ideal is idempotent. 

 

Theorem 3.3. Let   be a multiplication semigroup satisfying any one of the 

following conditions. 

(i)   contains no idempotent prime ideals. 

(ii)  Every idempotent prime ideal of   contains at most a finite number of prime 

ideals properly. 

(iii) No idempotent prime ideal is equal to the union of all the prime ideals 

properly contained in it. 

(iv) Every idempotent prime ideal of   is finitely generated. Then   is a principal 

ideal semigroup if and only if   contains identity and the set of prime ideals 

of   is linearly ordered. 

 

Theorem 3.4. For a finite-dimensional multiplication semigroup  , the following 

are equivalent. 

(i) Every idempotent prime ideal is principal. 

(ii)   contains identity and the set of prime ideals of   is linearly ordered. 

(iii)   is a principal ideal semigroup with identity. 
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Theorem 3.5. If   is a finite-dimensional semigroup, then   is multiplication 

semigroup if and only if   is any one of the following types. 

(i)   is a Dedekind semigroup containing only cancellable elements. 

(ii)   is a principal ideal semigroup. 

(iii) There exists an idempotent prime ideal   which is not principal, which is a  

       multiplication subsemigroup of   (  may or may not contain identity) such 

that every ideal of S not contained in   is principal. 

(Mannepalli, 1975b) observed that most of the facts mentioned and proved 

for multiplication semigroups in (Mannepalli, 1975a) are also true for those 

semigroups not containing identity, and some additional structure theorems were 

included. 

 

Lemma 3.1. If   is a multiplication semigroup, then        for every     

and     .  

 

It was noted by (Mannapalli, 1975b) that if   is a semigroup not containing 

identity, then there is a one-to-one correspondence between (principal, prime, 

primary) ideals of   and proper (principal, prime, primary) ideals of   .  

 

Proposition 3.2.   is a multiplication semigroup if and only if    is a 

multiplication semigroup with     . 

 

In view of the above Proposition, Proposition 3.1 holds for any semigroup   

not containing identity. 

Now, the following result describes multiplication semigroups by 

employing some ideal-theoretic properties mentioned in section 2. 

 

Lemma 3.2. Let   be a semigroup in which every ideal with prime radical is 

primary and every primary ideal is some power of its radical. If   is an ideal of   

with a minimal prime divisor  , then the isolated  -primary component of   is 

some power of  . 
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Theorem 3.6. Let   be a semigroup in which every ideal has a finite number of 

distinct minimal prime divisors. Then   is a multiplication semigroup if   satisfies 

the following properties. 

(i)     . 

(ii) Every primary ideal of   is some power of its radical. 

(iii)    Ker   for every ideal   of  . 

 

Theorem 3.7. Let   be a semigroup satisfying any one of the following. 

(i) Every ideal of   has a finite number of distinct minimal prime divisors and is 

a product of its minimal prime divisors. 

(ii) dim      and every ideal of   has a finite number of distinct minimal prime 

divisors. 

(iii) Prime ideals of   are maximal and every ideal has a finite number of distinct 

minimal prime divisors. Then   is a multiplication semigroup if and only if   

satisfies (i), (ii), (iii) of Theorem 3.6. 

 

Theorem 3.8 A noetherian semigroup   is a multiplication semigroup if and only 

if   satisfies (i), (ii), (iii) of Theorem 3.6.  

 

4.  NON-COMMUTATIVE MULTIPLICATION SEMIGROUPS 

The preceding definition by (Mannepalli, 1975a) depicts the commutative 

case. Moreover, (Mannepalli & Satyanarayana, 1976) defined multiplication 

semigroup in the non-commutative case as follows: 

A semigroup   is called a right multiplication semigroup if for any pair of 

right ideals   and   of   with    , there exists a right (left) ideal   of   such 

that       . By the dual, left multiplication semigroup is defined. The example 

below explicates the notion of a right multiplication semigroup. 

Let             with                            

                               . Let                 

       . Then     and   are all right ideals of the semigroup  . It is not 

difficult to see that   is a right multiplication semigroup. 
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Proposition 4.1. For a right multiplication semigroup, the following are true. 

(i)      and      for every    . 

(ii) For any right ideal  ,     . 

(iii) If   is a maximal right ideal, then      or     . 

 

It was noted in (Mannepalli & Satyanarayana, 1976) that if   is a left 

cancellative right multiplication semigroup, then Proposition 4.1 (i) implies the 

existence of idempotents. Therefore, the semigroups of Baer-Levi type, which are 

left simple and left cancellative, are not right multiplication semigroups. 

 

Proposition 4.2. In a semigroup, if        for every    , then   is a right 

multiplication semigroup. 

 

Corollary 4.1. If   is a right regular semigroup or a regular semigroup, then   is a 

right multiplication semigroup. 

 

(Mannepalli & Satyanarayana, 1976) also noted that the semigroups of 

Baer-Levi type which are left regular are not right multiplication semigroups. 

 

Theorem 4.1. Let   be a simple semigroup. Then   is a right multiplication 

semigroup if and only if      for every    . 

 

Theorem 4.2. A semisimple semigroup   is a right multiplication semigroup if 

and only if        for every    . 

 

The next theorem is a consequence of Theorem 4.2. 

 

Theorem 4.3. If   is a semisimple right multiplication semigroup such that 

       for every      , then   is a regular semigroup. 
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Theorem 4.4. For a left cancellative semigroup  , the following are equivalent. 

(i)  Set   is a semisimple right multiplicatipn semigroup. 

(ii)  Set   is a simple semigroup with      for every    . 

 

Theorem 4.5. Let every right ideal be a two-sided ideal in a semigroup  . Then   

is right regular if and only if   is a semisimple right multiplication semigroup. 

Theorem 4.6. The following are equivalent for a semigroup  . 

(i)    is a left simple right multiplication semigroup. 

(ii)    is a left simple semigroup containing idempotents. 

(iii)    is a left group. 

 

Theorem 4.7. If every left ideal is two-sided in a semigroup  , then   is the union 

of groups if and only if   is a semisimple right multiplication semigroup. 

 

Theorem 4.8. Let   be a left regular or intra-regular semigroup. Then   is a right 

multiplication semigroup if and only if   is a union of simple semigroups    with 

      for every     . 

 

In the following (Mannepalli and Satyanarayana, 1976) gives a description 

of the structure of left cancellative right multiplication semigroups. This 

generalises the result of (Dorofeeva et al., 1975) in the commutative case. 

 

Proposition 4.3. Let   be a semigroup with a unique maximal right ideal   such 

that      for every proper right ideal  , and suppose that every proper right 

ideal is included in  . Then   is a right multiplication semigroup if and only if   

satisfies the following conditions: 

(i)  Every proper right ideal is of the form   , 

(ii)      , 

(iii)       and 

(iv)      . 
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Furthermore,       for some     and every element   of   is of the form 

    for some natural number  , where    . 

 

Theorem 4.9. Let   be a left cancellative semigroup. Then   is a right 

multiplication semigroup if and only if   contains idempotents and   is one of the 

following: 

(i)    is a simple semigroup with      for every    .  

(ii)    contains a unique maximal right ideal  , which is also the unique maximal 

two-sided ideal, with      such that every proper right ideal is of the 

form    and thus two-sided. 

 

5. MULTIPLICATION  -SEMIGROUPS 

Let   be a non-commutative  -semigroup. Then   is called a right 

multiplication  -semigroup if for any two right Γ-ideals     of   such that   

 , there exists a right  -ideal   of   such that      . Analogously, left 

multiplication  -semigroup can be defined. The example given by (Awolola & 

Ibrahim, 2023) is constructed to bring the idea into focus. 

Let                 be a semigroup under the operation given by the 

table below: 

            

          

             

          

               

 

Let      . Define       . As                 for all        , S is a 

 -semigroup. Let                 and        . Then     and   are all 

right  -ideals of the  -semigroup  . It is easy to verify that   is a right 

multiplication  -semigroup. 
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It was noted by (Awolola and Ibrahim, 2023) that, in a right multiplication 

 -semigroup  ,       for every right  -ideal   of  . 

 

Proposition 5.1. Let   be a right multiplication  -semigroup. Then 

(i)       . 

(ii)        for each    . 

 

Proposition 5.2. Let   be right multiplication  -semigroup. Then       for 

any right  -ideal   of  . 

 

Proposition 5.3. Let   be a right multiplication  -semigroup. If   is a maximal 

right  -ideal containing every proper right  -ideal of  , then       or   is a 

 -ideal of   such that      . 

 

Proposition 5.4. Let   be a right multiplication  -semigroup and   be a maximal 

right  -ideal containing every proper right  -ideal of  . If   is unique such that 

     , then       for some        . 

 

Proposition 5.5. Let   be a right multiplication  -semigroup. If   contains a left 

cancellative element, then   contains a  -idempotent which is a left identity. 

 

Proposition 5.6. Let   be a right multiplication  -semigroup. If   is left  - and 

right  -cancellative, then   contains an identity and every right  -ideal is a  -

ideal. 

 

The following result shows some classes of  -semigroups satisfying right  -

multiplication semigroups. 

 

Proposition 5.7. Let   be a  -semigroup. If               for every    , 

then   is a right multiplication  -semigroup. 
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Proposition 5.8. Let   be a  -semigroup. If   is regular (right regular), then   is a 

right multiplication  -semigroup. 

 

Proposition 5.9. Let   be a  -semigroup. If   is simple with       for every 

   , then   is a right multiplication   -semigroup.  

 

Proposition 5.10. Let   be a  -semigroup. If   is a left simple right multiplication 

 -semigroup, then   is a left simple  -semigroup containing idempotents. 

 

Proposition 5.11. Let   be a right multiplication  -semigroup. If   is intra-

regular, then   is semisimple. 

 

Proposition 5.12. Suppose that   is a  -semigroup such that every right  -ideal is 

a  -ideal. Then   is a semisimple right multiplication  -semigroup if and only if   

is right regular. 

 

Proposition 5.13. Let   be a left cancellative  -semigroup. If   is a semisimple 

right multiplication  -semigroup, then   is a simple  -semigroup such that 

      for each    .  

 

6.  RESEARCH PROBLEMS 

In this section, we present some research problems prompted by results 

reported in the previous section. 

(i)  Find necessary and sufficient conditions for a semisimple right multiplication 

 -semigroup to be regular. 

(ii)  Characterise right multiplication  -semigroups in terms of some ideal-

theoretic property other than the defining property. 

(iii)  Construct larger right multiplication  -semigroups by considering the direct  

       products or extensions. 

The natural questions in this direction are: 
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(a)  When can “a direct product of two right multiplication  -semigroups” be 

a  right multiplication  -semigroup? 

(b)  When is “an extension of a right multiplication  -semigroup by a right  

       multiplication  -semigroup” again a right multiplication  -semigroup? 

(iv)  Develop the representation theory for right multiplication  -semigroups. 

(v)  When do right multiplication  -semigroups admit a  -ring structure? 

It is essential to note that the existing results, together with the open 

problems presented in sections 5 and 6, for right multiplication  -semigroups, are 

practicable for left multiplication  -semigroups. 

 

7.  CONCLUSION AND SUGGESTION 

An overview of the development of multiplication  -semigroups with some 

research problems outlined is presented. It is found that  -multiplication property 

is not only enjoyed by regular  -semigroups but also by other classes of  -

semigroups.  

The suggested investigations are feasible for extension in a fuzzy framework 

for future research work. 
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