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Abstract. The complex numbers over the symmetrized max-plus algebra is an
extension of numbers in the symmetrized max-plus algebra. This complex
number is formed by defining an imaginary form in the symmetrized max-plus
algebra. The substitution process in complex numbers over the symmetrized
max-plus algebra is a very important concept and cannot be done as in complex
numbers over the conventional algebra. Thus, several algebraic properties are
needed to ensure that the substitution process can be carried out. In this paper,
we show the substitution rules in complex numbers over the symmetrized max-
plus algebra. These rules is formulated by extending the weak substitution
property in the symmetrized max-plus algebra. The extension was carried out in
the symmetrized max-plus algebra part and imaginary part of complex numbers.
The results obtained are the weak substitution in complex numbers over the
symmetrized max-plus algebra. Substitution process can be carried out in
complex numbers if both of the symmetrized max-plus algebra part and
imaginary part of complex numbers are signed elements. Then, according the
weak substitution property, it can be derived the weak transitive property in
complex numbers over the symmetrized max-plus algebra. Furthermore, it can
be also derived reduction of balance property in complex numbers over the
symmetrized max-plus algebra, which reduce balance relation into equal relation
sense.
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A. Introduction

The max-plus algebra is defined as the set R U {—o} with operation of maximum
(denoted as "max") for addition and usual addition (denoted as "plus") for multiplication, where
R represents the set of all real numbers. This algebraic structure is denoted by R,,.. It differs
from conventional algebra in that not every element in the max-plus algebra has an additive
inverse, except for the zero element [1,2,4,8,9].

The symmetrization process can be employed to solve the absence of additive inverses.
This process utilizes a balance relation (denoted by V) to determine additive inverse-like of the
elements in the max-plus algebra. The outcome of this symmetrization process is referred to as
the symmetrized max-plus algebra, denoted by S. Consequently, R,,.x can be seen as the
positive or zero parts of S [5,6,7].

In the discussion of conventional algebra, the substitution property has many important
roles in algebra operations. If x = a and cx = b then ca = b always applies. The substitution
property of conventional algebra in equation problems does not fully apply to balances
problems for discussing in the symmetrized max-plus algebra. For example, given 5°V2 and
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3 ® 5°V8,, but 3 @ 2 is not balanced with 8. The substitution property in the symmetrized
max-plus algebra was introduced in [4], and is hereafter called the weak substitution property.

The complex numbers over the symmetrized max-plus algebra is an extension of numbers
in the symmetrized max-plus algebra. This complex number is formed by defining an
imaginary number form in the symmetrized max-plus algebra. Thus, in general, the
symmetrized max-plus algebraic numbers can be viewed as special occurrences of complex
numbers over the symmetrized max-plus algebra.

In this article, we present a discussion of the extension of the substitution property to
complex numbers over the symmetrized max-plus algebra, by adopting the weak substitution
property in [4]. This substitution rule needs to be discussed because it guarantees the validity
of operations involving substitution on complex numbers over the symmetrized max-plus
algebra which cannot be directly adopted from conventional algebraic discussions.

B. Methods

This research is a literature research that examines and develops research that has been
done previously, i.e substitution process in complex numbers over the symmetrized max-plus
algebra. The step procedures taken in this research are presented in Figure 1.

Start
Symmetrized Max-Plus Algebra &
Imaginary over 5
Complex Numbers aver
g
v +
Weak Substitution Weak Substitution
over B Complex Numbers aver §
Weak Transitive » Weak Transitive
over & Complex Numbers aver 5
Weak Transitive > Wealk Transitive
over & Complex Numbers over $
Finizh

Figure 1. Step Procedure of Research

C. Results And Discussion

This section is the main part of this research which contains construction of substitution
rules in symmetrized max-plus algebra and complex numbers over symmetrized max-plus
algebra.

1. Substitution in the Symmetrized Max-Plus Algebra

When discussing the symmetrized max-plus algebra, the substitution property cannot be
used as in linear algebra. In the discussion of linear algebra, if x = a and cx = b then by
substituting x = a in the equation cx = b we obtain ca = b. This substitution property does
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not always apply to balance elements in the symmetrized max-plus algebra. If xVa and ¢ ®
xVb then by substituting xVa in the equation ¢ @ xVb we do not always get ¢ @ aVb. For
example, given 5°V2 and 3 ® 5°V8, but3 ® 2V 8.

The following theorem explains the substitution rule in the symmetrized max-plus algebra.

Theorem 1. If xVa and ¢ ® xVb where x € §Y , then ¢ ® aVb.

Proof. Since x € S, we have either x € S® or x € $°.

Case 1: For x €S9, let x = (x,—), a = (aj,a,), b = (b;,b,) and c = (cy,c5).
According to xVa and ¢ @ xVb, we have x' @ a, =a; and c; @ x' @ b, = ¢, @ x' D b,.
Then by adding ¢; @ a, @ ¢, Q a, to the last equality, we have

R PBb,Dci RQRa, D, R a,
=, X Db D1 ®a,®c, ®a,

o)
QWU Da,) Db, D, ®a,
=0 QX' Ba,) Db Dy a,.
By using x' @ a, = a4, it yields
c1®a B, ®a,Bb,=c;Qa,Dc; ®a, Db
and consequently
(€1 ®a; DBc; ®aze Qa, D, Qay) ®(ay,az)
= (¢1,¢2) ® (a4,a3) V (by, by).

The last balances is ¢ @ aVb.

Case 2: For x € S®, let x = (—o0,x"), a = (aj,a,), b = (b;,b,) and c = (cy,c5).
According to xVa and ¢ @ xVb, we have x' @ a; =a, and ¢, @ x' & b, =c; Q x' D b,.
Then by adding ¢; @ a; @ ¢, Q a, to the last equality, we have

HGRXDb,Dc; ®Ra, D, ®ay
= @x Db Dc;®a; D, ®ay

and so
@' Da) Db, Dy ®ay
=@ Da) Db D, ® ay.
By using x' @ a; = a,, it yields
;Qa, B ®a; DBb,=c;Qa,Dc, ®a, by
and consequently
(c1®a; D, ®azc; a, D, ®ay) Q (ag,ay)
= (¢1,¢2) ® (aq,a3) V (by, by).
The last balances is ¢ @ aVb. m
For example, let 2V4* and 3 @ 2 V 5 where 2 € §Y, then 3 @ 4* V 5. The substitution rule
in the symmetrized max-plus algebra is called “weak” substitution.

The following theorem explains the transitive rule in the symmetrized max-plus algebra.
Theorem 2. If aVx and xVb where x € SV , then aVb.
Proof. Since x € SV, we have either x € S® or x € $°.
Casel:Forx € S9, letx = (x',—»), a = (a;,a,) and b = (b, b,). Since aVx and xVb,

we have
a, =a, ®x"and x' @ b, = b;.
Then by adding a, to the last equality, we have
a, ®x" D b, =a, D b,.
By using a; = a, @ x', it yields
a, D b, = a, @ b;.

The last equality is aVb.
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Case 2: For x € SO, let x = (—o0,x"), a = (ay,a,) and b = (by, b,). Since aVx and xVb,
we have

a, =a, @ x"andx' @ b, = b,.

Then by adding a; to the last equality, we have

a, ®x" Db, =a, Db,
By using a, = a; @ x', it yields
a, ® b, =a; @ b,.

The last equality is aVb. m

For example, given 2V4° and 2* V 2 where 2 € SY then 3 ® 4° V 5. The following theorem
explains the reduction of balance into equation rule in the symmetrized max-plus algebra.

Theorem 3.1f xVy where x,y € SV, then x = y.

Proof. Since x,y € §Y, we have either x,y € S® or x,y € S°.

Case 1: For x € SO, let

x = (x',—)and y = (y', —).

Since xVy, then x’ = y'. Therefore, x = y.

Case 2 : For x € S°©, let

x = (—oo,x)and y = (—,y").

Since xVy, then x’ = y'. Therefore, x = y. m

2. Substitution Rules in Complex Numbers over the Symmetrized Max-Plus Algebra

Let S be the symmetrized max-plus algebra with the zero element € = —oo and the unity
element e = 0. It is defined k such that k ® k = k2 = © 0, and k is called an imaginary
number in the symmetrized max-plus algebra senese. Then, it is defined a number

a®P bRk

where a,b € S and k? = © 0. Furthermore, this number is called the complex numbers
over the symmetrized max-plus algebra.

Let T be the set of all complex numbers over the symmetrized max-plus algebra i.e

T={a®bR®k|abeSandk? =60}

Ifa@® b ® k € T, then a and b are called the symmetrized max-plus algebra part and the
imaginary part of the complex number over the symmetrized max-plus algebra, respectively.
The zero complex number over the symmetrized max-plus algebra, i.e a @ b @ k where a and
b are the zero element of S, respectively. Therefore, the zero complex number over the
symmetrized max-plus algebra is (—o) @ (—) & k, and simply written as —co. For every
a € S, it can always be expressed in the form a @ (—o) @ k, and simply written as a. Thus,
§ can be viewed as a subset of T. In other words, the symmetrized max-plus algebra can be
viewed as special part of the set of all complex numbers over the symmetrized max-plus
algebra. Furthermore, we have the relation

Rpax € S c T.
We will define some algebraic operations on T in order to investigate of the algebraic
properties of T.
Definition 4. Let a@® b @ k,c & d Q k € T. The similarity of two elements in T is
defined as

aPbR®k=cPODdRQk
ifa=cand b =d.
Definition 5. Leta @ b @ k € T. The minus of elements a @ b @ k is defined as
O@db®k) =(©a)d(Ob) k.
Furthermore, (& a) @ (© b) ® k issimply writtenas S a & b Q k.
Definition 6. Let a@® b R k,c D d @ k € T. The balanced of two elements in T is
definedasa @ b @ kVc P d ® k ifand only if aVc and bVd.
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Noted that 2@ 3 ® k V3" @ 3 ® k since 2V3* dan 3V3, but 23Rk # 3° P
3 Q k,becauseof 2 # 3°. Then,2 B3Rk =2H 3 R k, since 2 = 2 and 3 = 3, but it also
satisfies
203RkV2P3QR k.
The “equal” relation satisfies “balance” relation, but the reverse does not apply.
Furthermore, an equality is a special case of balance.
Definition7.Leta @ b @ k,c @ d @ k € T. The addition of two elements in T is defined

as
(aBbR®k)D (cBd®k)
=@Dc)dbDdd) k.
Definition 8. Leta @ b Q@ k,c @ d ® k € T. The multiplication of two elements in T is
defined as
(cDbPQk)Q®(cDdQk)

=@®cobR@A)DB@RIDLRCc) Rk

Let 2D3Q®k,3°PD(—1) Pk €T, then we have 2H3Rk)P B3 D (-1 R
k)=3P3Rk,and2P3QkN RXB B (-1)Rk)=5D6"Qk.

We construct the weak substitution in complex numbers over the symmetrized max-
plus algebra by extending weak substitution in the symmetrized max-plus algebra. The
following theorem discuss the weak substitution in complex numbers over the symmetrized
max-plus algebra.

Theorem 9. If (x Dy Q k)V(a P b ® k) and
(cOAdR R (xBy VP ®qQ k)

where x,y € §Y, then

(chDdRk)Q®(@aDbKV(pDqQ® k).

Proof. Since x @y Q k)V(a @ b ® k), we have xVa and yVb. Let
(cDdQRKNQxDYy KV S q k)

and so
(c®x0dRY)DB(RYDIdRx) Rk

Vip®qQ k).
Wehavec@x© dQyVpandcQy P dRQxVg.
Since xVa, yVb, and c@x O d Q@ yVp, x,y€S", we have c®@a & d ® b Vp.
Because of xVa, yVhand c @ y B d @ x V q, where x,y € SV, then
c®hbO dQRQaVay.

Consequently,
Qa0 db)D(cRbDdRa)Rk
Vip ®qQk),
and so
(cPdRK)RQ@DbRKV(PpDqRk).m
Let3D2QRk, 4" PD2Rk, -5P2°Qkand 4P 3° Q k is comple numbers over the
symeetrized max-plus algebra, respectively. Note that
BP2RkVMA D2Rk)and
(-502°QkNXCBD2Qk)
=(OB4rP5Rk) V(4D 3 Qk),then
(-502°R U D2Rk)
= (4 DRk V(A3 Qk).
The following theorem discuss the transitive rules in complex numbers over the
symmetrized max-plus algebra.
Theorem 10. If (a @ b R k)V(c P d ® k) and
(cRdRNV(xDy k)
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where ¢,d € SV, then aVb.

Proof. Since (a® b Q k)V(c B d ® k) and

C@®IRNVx Dy k),

we have aVc and bVd, also cVx and dVy. Because of aVc and cVx where ¢ € SV, we have
aVx. Reciprocally, since bVd and dVy where d € S§Y, we have bVy. Consequently, (a ® b Q
KVx Dy k)m

Let P4 QRk),2P3Rk),(5°B3*®k) is complex numbers over the
symmetrized max-plus algebra, respectively. Note that

CH4QNV2D3Qk)

and

CO3IQKV( D3 k),

where 2,3 € SV. Consequently,

CE4yQKV(5 D3 k),

because of 2V5° and 4°V3°.

The following theorem discuss the reduction of balances in complex numbers over the
symmetrized max-plus algebra.

Theorem 11. If (a® b ® k)V(c ® d ® k) where a,b,c,d € SY, then

@®BbQRQk)V(cPdQQ k).

Proof. Since (a® b ® k)V(c ® d Q k), we have aVc and hVd. Because of aVc and
bvd where a,b,c,d € SY, then a = ¢ and b = d. Consequently,

(aPb@Kk)=(cDdQk)m

D. Conclusion

The substitution rules in complex numbers over the symmetrized max-plus algebra cannot
be applied as in complex numbers in conventional algebra. This substitution rules can be
constructed using the weak substitution in the symmetrized max-plus algebra. Then, it can be
derived the transitive and reduction of balance in complex numbers over the symmetrized max-
plus algebra. The further research can be done in construction of the substitution rule in matrix
over the set of complex numbers over the symmetrized max-plus algebra
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