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ABSTRACT. In this paper we will present two properties of subsemihypergroups. The
first property is a relation between subsemihypergroups and semihypergroup. This
property enable us to get the second property, which provides a relation between
subsemihypergroups and regular semihypergroups.
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ABSTRAK. Pada makalah ini disajikan dua buah sifat subsemihypergrup. Sifat pertama
adalah hubungan antara subsemihypergrup dan semihypergrup. Berdasarkan sifat ini,
selanjutnya diperoleh sifat kedua yakni hubungan antara subsemihipergrup dan
semihipergrup reguler.

Kata Kunci: semihipergrup, subsemihipergrup, reguler

1. INTRODUCTION

Nowadays, many researchers work on algebraic hyperstructure, which is
firstly introduced by Marty [10] in 1934. The algebraic hyperstructure can be
viewed as a generalization of the algebraic structure. For example, if the algebraic
structure offers semigroups, then the algebraic hyperstructure offers the so called
semihypergroups. A semihypergroup is a nonempty set which is equipped with a

binary hyperoperation and satisfies the associative property. Some results on
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semihypergroups have been established by Bonansinga and Corsini [1], Davvaz
[3], Davvaz and Poursalavati [4], Fasino and Freni [5], Gutan [6], Hasankhani [7],
Javarpour, et al. [8], and Leoreanu [9].

A semihypergroup may consist of some regular elements. An element x in
a semihypergroup (H, o) is called a regular element if the element x satisfies the
property x € x o H o x. This means that there is an element y in H such that we
have x € x oy ox. Here, o denotes a binary operation. If every element in H is
a regular element, then the semihypergroup (H, °) is a regular semihypergroup.
Some properties of a regular semihypergroup have been provided by Onipchuk
[11]. The properties given in [11] have no relation with subsemyhipergroups.
Hence, in this paper we will present a relation between regular semihypergroups
and subsemihypergroup. This property need another property which relating
semihypergroup and subsemihypergroup.  Another property regarding the
Cartesian product of two subsemihypergroup is a consequence of the second
property

The definition of subsemihypergroup is available in Davvaz [2] page 54.
Definition 1.1 (Subsemihypergroup)
Let (H,o) is a semihypergroup and A is a nonempy subset of H. The set A is a

subsemihypergroup of Hif Ao A € A.

2. RESULTS AND DISCUSSION
The first result in this paper is a property illustrating a relation between
subsemihypergroups and semihypergroups. This result is stated in the following

theorem.

Lemma 2.1

If (4, o) is a subsemihypergroup of semihypergroup (H, °), then (4, o) is a
semihypergroup.

Proof. Since (4, °) is a subsemihypergroup of the semihypergroup (H, °), then
A is a nonempty subset of H, and every element A is also in H. For every x,y € A,

we have x o y € P*(H), where P*(H) denotes the collection of nonempty subsets
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of HH As Ao AC A, then xoy € P*(A). This means that o is a binary
hyperoperation on A. Furthermore, as A € H and the hyperoperation o on H is
assosiative, we find that the associative property in H is inherited to A. This prove
that (A4, o) is a semihypergroup. ]
Before we come to a property of regular semihypergroups, we firtsly
present some examples of regular semihypergroups.
Example 2.1
Let the set of natural numbers N is eqquipped with a hyperoperation o which is
defined by
Xoy={te N|t=>maks {x, y}}
for every x,y € N. Here, the set (N, o) is a regular semihypergroup as it satisfies
the following properties.
1. Hyperoperation o is a binary operation on N since for every x,y € N we have
x oy is a subset of N. Furthermore, x oy € P*(N), where P*(N) denote the
collection of nonempty subset of N.

2. Foreveryx,y,z € N, we have
Xo(yoz)={x}eo{te N|t=>maks{y, z}}
- | wew

ve{t eN| t 2 maks {y,z}}
= {t € N| t = maks {x, maks {y, z}}}
={te N|t > maks {x,y, 2}}

(Xoy)oz={te N|t=>maks {x, y}} o {z}
- U ww

u€{t eN| t = maks {x,y}}
= {t € N| t > maks {maks {x, y}, z}}
= {t € N| t > maks {x, y, z}}.
This shows us that the hyperoperation is associative.
3. Forany x € N, we can always find y € N with y < x such that
XeoyoX=(Xoy)oX
= {t € N| t = maks {x, y}} o {x}
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= Uueft eN] ¢ = maks fxy U © {x}
= {t € N| t > maks {maks {x, y}, x}}
={t € N| t > maks {x, y, x}}
= {t € N| t > maks {x, y}}.
Asy < x,wegetxoyox={teN|t>x} Thismeansthatx € x oy o x for

every x € N. Thus, every element N is a regular element. ]

Example 2.2

Let H; = {x,y, z, t} is equipped with a hyperoperation o defined in Table 2.1.

Table 2.1. Hyperoperation o on Hy

o X y 4 t

x {x} {x v} {x,z} {x,y,2,t}
y v} v} {v. t} vt}

z {z} {z,t} {z} {z,t}

t {t} {t} {t} {t}

From the table we can see the following properties.

1.

The hyperoperation o is a binary operation on H,, that is for every a,b € H;
we have a o b € P*(H;). Here, P*(H,) denotes the collection of nonempty
subset of H;.
The hyperoperation o in H; is associative as (aeb)ec =avo (boc) for
everya,b,c € H;
Element x, y, z, and t are regular elements in (H;, ) as explained below.
Since
xoHiox ={x}o{x,y,zt}o{x}
=[(xex)U(xey)U(xoz) U (xot)]o{x}
= [} u{xytuixz}uixyzt}] o {x}
={x,y, 2t} o {x}
=@ex)U(oex)U(zox)U (tox)
={uytuiziuitl ={xy 2t}
then x € x o Hy o x. This means that x is a regular elementin (H;, ©).
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Since
yoHioy={y}e{x,y zt}e{y}
=[@ex)U(yey)U(yez)U(yet)]e{y}
=[iviiviygulydle-y={t-{y}
=@ey)utey) ={u{td=1{t}
then y € y o H; o y. Therefore, y is a regular element in (H;, ©).
We have
zoHyoz={z}o{x,y,zt}o{z}
=[(zex)U(zoey)U(zez)U(zot)]{z}
=[{z}u{z,du{zlu{zt} o {z} = {z,t} o {z}
=(zez)U(tez) ={z}u{t} ={zt},
which implies that z € z o H; o z. This shows us that z is a regular element
in (Hy, ©).
As
toHyot ={t}o{x,y,zt}e{t}
=[(tex)U(tey)U(tez) U (tet)]e{t}
=[{gu{tu{gu{t]e{} ={e}-{t} ={t},
we find that t € t o H; o t, i.e. tis aregular elementin (Hs, ©).

Therefore, (Hy, °) is a regular semihypergroup. [

The second property we prove in this paper is the property involving the
regular semihypergrup.

Theorem 2.2

If H is a regular semihypergroup and A is a subsemihypergroup of H, then Ais a
regular semihypergroup.

Proof. Since A is subsemihypergrup of H, then A € H; and according to Lemma
2.1, A is a semihypergrup. Now, if we take any a € A, then a € H. As H is a
regular semihypergroup, then all elements of H are regular elements. As a result,
the element a in A is also a regular element. This tell us that every element in A is

a regular element, i.e. A is a regular semihypergroups. [
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We ilustrate Theorem 2.2 by looking at the following examples.
Example 2.3
In [2] page 50, it has been showed that the set H, = {a, b, c} equipped with the

hyperoperation given in Table 2.3 is a regular semihypergroup.

Table 2.2. Hyperoperation o on H,

° a b c

a {a} {a,b} {a,b,c}
b {a} {a,b} {a,b,c}
¢ {a} {a, b} {c}

Now, we will take A € H, in which A = {a, b}. Let A is equipped with the same

hyperoperation given on H as depicted in the following table.

Table 2.3. Hyperoperation o on A

o a b
a {a} {a, b}
b {a} {a, b}

Firstly, we will see that
AoA={a,b}o{a,b}=(aca)U(aeb)U(boa)U (bob)
={a}U{a,b} U {a}u{a, b} ={a b} =A.
Hence A o A € A, which implies that (4, o) is a subsemihypergroup of (H;, °).
Furthermore, we will find the following results.
acAca={a}e{ab}efa}=[(aca)u(acb)]-{a}
= [{a} u{a, b}] o {a} ={a, b} {a}
=(@aca)V(bea)={a}u{a} ={a},
sothata € ao Ao a,i.e. aisaregularelementon (4, o).
beAeob={b}e{ab}o{b}=[(bea)u(beb)]e{b}
= [{a} U {a,b}] » {b} = {a, b} ~ {b}
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=(aeb)U(bob) ={a,b}VU{a b} ={a b}
so that b € b o A o b, which show us that b is a regular element on (4, o),
Since all the elements of A are regular elements, we prove that the
subsemihypergroup (4, o) of regular semihypergroup (H,, °) is also a regular

semihypergroup. |

Example 2.4
In Example 2.2, we found that (H,, °) is a regular semihypergroup. Now, let
B € H, where B ={x,y}. The hyperoperation o on B is provided in the

following table.

Tabel 2.4. Hyperoperation o on B

o X y
X {X } {X, y }
y v} {v}

We have
BeB={x,y}e{x,y}=(xex)U(xey)U(yex)U(yeoy)
={3u{xyivyiuiyt={xy} =5,
which implies that Bo B € B. This allow us to conclude that (B, o) is a
subsemihypergrup of (H;, °). We then examine all the elements of B to see
whether the elements are regular.
xoBox={x}o{x,y}e{x}=[(xox)U(xeoy)]e{x}
=[3u{xylle{x} ={xylefx}=(xex)U(yox)
={xju{y}={xy}
so that x € x o B o x; and hence x is a regular element on (B, ©).
yeBoy={yle{x,y}e{y}=[(rex)Uuyey)]e{y}
=[uieyi={}-}=0}
so that y € y o B oy, which tells us that y a regular element on (B, ). As all
element in B are regular elements, we prove that the subsemihypergroup (B, °)
of regular semihypergroup (H,, °) is also a regular semihypergrup ]
The Cartesian product of two semihypergroups will result in a

semihypergroup.
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Lemma 2.3 (Davvaz, 2016: 49)
Let (H,o) and (H',x) are semihypergroups. The Cartesian product H X H' is
endowed with hyperoperation &:
(,y) ® (x,y") ={(a,b)la€xeox',bey*y'}
for every (x,y),(x",y") € Hx H', (H X H', ®) is semihypergroups.

Proof. For any (x,y), (x',y") € H x H', which means x, x" element of H and y, y'
element of H'. Consequently, x o x' € P*(H) and y x y' € P*(H"). Thus, we get
) ® (x',y)={(a,b)la€xex',beyxy'} € P"(HxH).

This means that hyperoperation ® on H x H' is a binary hyperoperation.

Furthermore, for every (x,y), (x',y"), (x",y") € H x H' satisfies

[Ce,y) ® (x,¥y)] ® (x",y") ={(a,b)la€xox",bey*y} Q{(x",y")}
={(ab)la€ ((xox)ox"),be ((y*y)*y")}
={(a,b)la € (xo(x'ox")),b e (y* ' *y")}
={(x»)}®{(a,b)la€x'ox",bey xy"}
=) Q@ [(x,y) ® (x",y")]

This shows that operation @ on H X H' is associative. So, it is proved that

(H x H', @) is asemihypergroup. ]

The Cartesian product of two regular semihypergroups will result in a

regular semihypergroup.

Theorem 2.4 (Davvaz, 2016: 50)
Let (H, o) and (H', x) are regular semihypergroups. If the Cartesian product
H x H' is endowed with hyperoperation @:

(x,y) @ (x',y) ={(a,b)la€xox'beyx*y'}
for every (x,y),(x,y)eEHXH', then (HXxH'M Q) is a regular
semihypergroup.
Proof. It is known that (H,o) and (H',x) are regular semihypergroups,
respectively, so (H,o) and (H',x) are semihypergroups. Thus, according to
Lemma 2.3, the Cartesian product of two semihypergroups is a semihypergroup.

Furthermore, for any (x,y) € H x H', there is (x',y") € H x H' such that
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)@ (xy)® (x,y) ={(a,b)la€xex’,beyxy}®{(x,y)}
={(a,b)|a€ ((xox)ex),be ((y*y)ry)}
To show that (x, y) is a regular element, we show that
(x,y) € {(a,b)|a € ((xox)ox),be ((yry)*y)}

Since (x,y) € Hx H', then x € H and y € H where H and H' are regular
semihypergroups, respectively. This means that for every x € H there is x' € H
such that x € x o x’ o x and for every y € H' there is y' € H' such that y € y x
y'*y.
So, it is obatained

(x,y) E{(a,b)|la € ((xox)ox),b € ((y*y')*y)}
and consequently

(x,y) €(xy)® ', y) ® (x,¥).

So, (x,y) is a regular element. Since (x,y) is any element in H x H', then all of
elements in H x H' are regular elements. This proves that (H X H', @) is a

regular semihypergroup. u

Example 2.5 Let a set H; ={a, b,c} is equipped with the following

hyperoperation o.

Table 2.5 Hyperoperation o on H;

° a b c
(@} 2,2} {2,2,2}
b {a} {a, b} {a,b,c}
c {a} {a, b} {c}

Table 2.6 Hiperoperation = on H,

* 14 q
14 {r} {q}
q {q} {r.q}




54 M. Cerinda dkk.

Given also H, = {p, q}, which is equipped with the following hyperoperation .
The Cartesian product of H, and H, is given by

Hl X HZ = {(a, P)» (a, CI)» (b, P); (br Q), (C; P); (C; CI)}
Hence, (H, X H,,&) is aregular semihypergroup. [

As a consequence of Theorem 2.2, we have the following corollary.

Corollary 2.5
Let (H, o) and (H', *) are regular semihypergroups. Let also (4, o) and (4', x)
are subsemihypergroup of (H, o) and (H', ) respectively. If the Cartesian
product A x A’ is endowed with hyperoperation &:

(6, y) ® (x",y") ={(a,b)la€xox',bey*y'}
for every (x,y), (x",y") € Ax A’, then (A x A’, ®) is a regular semihypergroup.

3. CONCLUSION

As a semigroup is a semihypergroup, some properties regarding the
relation between semigroup and subsemigroup could be work for the relation
between semihypergroup and subsemihypergroup. For example, we could

investigate such properties for cyclic and simple semihypergroups.
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