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Abstract. The inverse kinematical problem of a robot arm is a problem to find some 

appropriate joint configurations for a pair of position and direction of a robot hand 

which is represented by a polynomial equations system. The system is solved by 

employing Groebner basis notion. Here, the appropriate joint configurations for a pair of 

position and direction of the hand of a robot with three segments are obtained. 
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Abstrak. Masalah kinematika invers lengan robot adalah suatu masalah menentukan 

konfigurasi bersama yang sesuai untuk pasangan posisi dan arah tangan robot yang 

dinyatakan oleh suatu sistem polynomial. Sistem ini diselesaikan dengan menggunakan 

konsep basis Groebner. Di sini, konfigurasi bersama yang sesuai untuk pasangan posisi 

dan arah tangan robot dengan tiga segmen diperoleh. 

Kata kunci : masalah kinematika inverse, lengan robot, basis Groebner 

 

1. INTRODUCTION 

Groebner basis of a polynomial ideal is a spanning subset of the ideal 

causing the leading term of any non-zero element of the ideal can be divided by 

one or more leading terms of the elements of Groebner basis. Groebner basis is 

employed to solve polynomial equations system (see [1,2]). This notion can be 

applied to robotics problems such as inverse kinematical problems. Inverse 

kinematical problem is a problem to find some appropriate joint configurations for 

a pair of position and direction of a robot hand. In [3], Natarajan et al discuss 
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kinematical problem of a robot arm with three fingers using graphical method. 

Kendricks [4] used the Denavit-Hartenberg matrix and Groebner basis to solve the 

inverse kinematical problem of the GMF Robotics A-510 robot and then 

compared both methods. 

This paper studies how Groebner basis is used to solve an inverse 

kinematical problem for a robot arm with three segments. We obtain all 

combinations of joints settings satisfying certain position and direction of the 

robot hand which solves the polynomial equations system of the reduced 

Groebner basis reperesenting the inverse kinematical problem. 

This paper is composed of four sections. In the second section, a method 

to solve the inverse kinematical problem is given. In the third section, the 

solvability of the polynomial equations system of the reduced Groebner basis 

representing the inverse kinematical problem for the robot arm with three 

segments is discussed. In conclusion, all combinations of joints settings satisfying 

certain position and direction of the robot hand are mentioned. 

 

2. METHODS 

To solve the inverse kinematical problem, we perfom the following steps : 

1. forming an ideal generated by functions which represents the position and 

direction of the robot hand; 

2. forming Groebner basis for the ideal in step 1; 

3. forming the reduced Groebner Basis of the Groebner basis obtained in step 2; 

4. determining all combinations of joints settings satisfying certain position and 

direction of the robot hand solving the polynomial equations system of the 

reduced Groebner basis. 

 

3. RESULTS AND DISCUSSION 

We here consider a robot arm with n segments with the position of the 

robot hand in a global coordinate system is ( , )a b  and the direction of the robot 

hand is 1 2 1.n         The value of 1 2 1, , , n     will be first determined. 

Based on the forward kinematical problem solving (see [5]),  
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If the robot arm has three segments then 
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Note that 

 1 2 1 2 1 2cos cos cos sin sin        , 

and  

 1 2 1 2 1 2sin cos sin sin cos        . 

If  cosi ic   dan sini is   then  

 1 2 1 2 1 2cos c c s s     and  1 2 1 2 1 2sin c s s c    . 

Suppose that variables 2 2 1 1, , ,c s c s  is ordered by lexiographic order with 

2 2 1 1c s c s   . Then 

1 3 2 1 3 2 1 2 1f l c c l s s l c a     and 2 3 2 1 3 2 1 2 1f l c s l s c l s b    . 

An Arm with three segments has two revolute joints 

2 2

3 1 1 1f c s    and 2 2

4 2 2 1f c s   . 

To solve this system, we first compute the Groebner basis of the system 

using lex order. The value for 2 2 1, , ,c s c and 1s  will be determined using the 

Groebner basis. First, we form 1 2 3 4, , ,f f f fI  which is an ideal generated by 

1 2 3, , ,f f f  and 4f . Then, by Buncberger algorithm, Groebner basis for ideal I  can 

be obtained. We find that Groebner basis for 
1 2 3 4, , ,f f f fI  is 

1 2 3 4 5 6 7 8 9{ , , , , , , , , }G f f f f f f f f f  where 

1 3 2 1 3 2 1 2 1f l c c l s s l c a    , 

2 3 2 1 3 2 1 2 1f l c s l s c l s b    , 

2 2

3 1 1 1f c s   , 
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Then, the reduced Groebner basis is  

  {           }  

where 
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s s
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. 

Based on Groebner basis (1), we find that 

2 30,  0,  0l l a    and 
2 2 0a b   . 

The last polynomial in (1) is in quadratic form. Then, there are at most two 

solutions for this polynomial. If 2 3l l  then  

(1) 
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which exists if 

2 2 2 2 2 2 2 2 2 2

2 3 2 30 ( ) ( ) 2( )( )a b l l l l a b      
.
 

If 2 2 2 2 2 2 2 2 2 2

2 3 2 3( ) ( ) 2( )( )a b l l l l a b      , there is one solution 
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The value 2 2sin 0s    implies 2 0   or 2  . Then, 2 1c  . Thus, 

there is only one pair of joint 1 2( , ) ( ,0)   . 

 

 

Figure 1. The joint setting for 2 2 2 2 2 2 2 2 2 2

2 3 2 3( ) ( ) 2( )( )a b l l l l a b       . 
 

 

Next, for 2 2 2 2 2 2 2 2 2 2

2 3 2 3( ) ( ) 2( )( )a b l l l l a b      , there are two values 

of 1s  
satisfying this case. If 1s  

is given then the value of 2s
 
and 1c  can be 

determined by substituting 1s  into    and   . Note that there are two values of 1s  

for certain ( , )a b . Consequently, there are also two values of 2s  and 1c , those are 

(2) 
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For 2 2 2 2 2 2 2 2 2 2

2 3 2 3( ) ( ) 2( )( )a b l l l l a b      , there are two pairs of joint 

satisfying this case. 

 

 Figure 2. The joint setting for 2 2 2 2 2 2 2 2 2 2

2 3 2 3( ) ( ) 2( )( )a b l l l l a b       .  

 

If 2 3l l  then  
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l
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 (3) 
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Then, 2 2cos 1c    and 2 2sin 0s    imply 2 0  . Thus, the joint setting is 

2 0   and 1   with 
1

2

cos cos
2

a

l
    and 1

2

sin sin
2

b

l
   . This case is 

geometrically confirmed since if 2 3l l  then the longest distance between the 

center of global coordinate system and the hand tip is 2 3 22l l l  . Consequently, 

for 2 2 2

24a b l  , the joint setting for    is 0. 

 

Figure 3. The joint setting for 2 2 2

24a b l  .  

 

There is only one solution for 2 3l l  with 2 2 2

24a b l  . 

If 2 2 2

24a b l   then  
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Then, there are two pairs of joints. In fact, the hand tip position can be placed 

coincidentally on   -axis that means 0a  . If we subtitute 0a   into the 

Groebner basis then the solution is undefined mathematically. But, the solution 

for this case is geometrically defined. To solve this problem, we recall the ideal 

1 2 3 4  , , ,f f f fI  and subtitute 0a   into 
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1 3 2 1 3 2 1 2 1f l c c l s s l c   , 

2 3 2 1 3 2 1 2 1f l c s l s c l s b    , 

2 2

3 1 1 1f c s   , 

and  

2 2

4 2 2 1f c s   . 

Then, we find the reduced Groebner basis for the ideal, that is 

                                                     {           }   
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Polynomial    is a quadratic formula in   , so there are at most two solutions for 
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2 3 20 ( ) (2 )b l l bl    . If 2 2 2 2 2
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1 2 1 20, 1, 1, 0c c s s    . 

Thus, there is only one setting for 0a   and 2 2 2 2 2

2 3 2( ) (2 )b l l bl   , that is
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(5) 

(4) 
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Figure 4. The joint setting for 2 2 2 2 2

2 3 20 ( ) (2 )b l l bl     . 

 

If  2 2 2 2 2

2 3 2( ) (2 )b l l bl   , there are two solutions for    and   . 

 

Figure 5. The joint setting for 2 2 2 2 2

2 3 2( ) (2 )b l l bl    .  

 

Consider the hand tip placed at the center of the global coordinate system or 

(   )  (   ). This case exists only if the second segment has the same length as 

the third segment. In this case,  the solution is      and       .  
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Figure 6. The joint setting for (   )  (   ). 

 

4. CONCLUSION 

Based on the discussion in Section 3, we conclude that: 

1. for 2 3l l , if 2 2 2 2 2 2 2 2 2 2

2 3 2 3( ) ( ) 2( )( )a b l l l l a b      , there are two joint 

settings; 

2. for 2 3l l , if 2 2 2

24a b l  , there is only one joint setting; 

3. for 2 3l l , if 2 2 2

24a b l  , there are two joint settings; 

4. for 2 3l l  and 0a  , if 2 2 2 2 2

2 3 2( ) (2 )b l l bl   , there is only one joint setting; 

5. for 2 3l l  and 0a  , if 2 2 2 2 2

2 3 2( ) (2 )b l l bl   , there are two joint settings; 

6. the position ( , ) (0,0)a b   exists if and only if 2 3l l  and there are unlimited 

joint settings with 2  ; 

7. there is no joint setting for 2 2 2 2 2 2 2 2 2 2

2 3 2 3( ) ( ) 2( )( )a b l l l l a b     
 
with 

2 3l l , 2 2 2

24a b l  with 2 3l l , and 2 2 2 2 2

2 3 2( ) (2 )b l l bl    with 2 3l l  and 

0a  . 
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