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ABSTRACT By employing the growth measure, in this paper we prove the weak-(p, q) inequal-
ity for fractional integral operator on Morrey spaces via Hedberg type inequality. The proof also
needs the weak-(p, p) inequality of the maximal operator in the same spaces.
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ABSTRAK Dengan menggunakan ukuran growth, pada makalah ini dibuktikan ketaksamaan
lemah (p, q) untuk operator integral fraksional pada ruang Morrey via ketaksamaan tipe Hedberg.
Bukti ini juga memerlukan ketaksamaan lemah (p, p) dari operator maksimal di ruang yang
sama.

Kata Kunci: Operator integral fraksional, operator maksimal, ruang Morrey, ketaksamaan
lemah.

1. Introduction

In this paper we prove the weak-(p, q) inequality for fractional integral operator on Morrey
spaces, where 1 ≤ p < ∞ and 1 ≤ q < ∞. Fractional integral Iα, which is also known as the
Riesz potential, is defined by

Iαf(x) :=

∫
X

f(y)

d(x, y)n−α
dµ(y) (1)

(Garćıa-Cuerva and Gatto, 2004). In this definition, X = (X, d, µ) is a metric measure space
which is equipped with the metric (distance function) d and Borel measure µ. Particularly,
we take the measure to be the growth measure, that is a measure which satisfies the growth
condition

µ(B(x, r)) ≤ C rn (2)

for every ball B(x, r) with center x and radius r. The orde of the measure, n, is less than or
equal to the dimension of the metric space. The positive constant C is independent of x and r.
Here and after, C will be used to denote any positive constant which could be vary from line
to line. The works using such measure firstly introduced in (Nazarov, et al., 1998) and (Tolsa,
1998). Meanwhile, Verdera (2002) provided some examples on the use of this measure. Other
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works employing such measure can be found for example in (Garćıa-Cuerva and Martell, 2001),
(Sihwaningrum, et al., 2012), and (Hakim and Gunawan, 2013).

The fractional integral operator in equation (1) is a development of the fractional integral
operator given by (Hardy and Littlewood, 1927). Some results on this operator can be found
for example in (Adams, 1975), (Nakai, 1994), (Kurata, et al., 2002) and (Eridani, et al., 2014).
Other results on the different version of fractional integral operator can be viewed in (Sawano and
Shimamura, 2013) and (Sihwaningrum and Sawano, 2013). Meanwhile, the fractional integral
operator (equation (1)) has been proved to satisfy the weak-(1, q) inequality (where 1 ≤ q <∞)
in Lebesgue spaces (Garćıa-Cuerva and Gatto, 2004), in Morrey spaces (Sihwaningrum, 2016a)
and in generalized Morrey spaces (Sihwaningrum, et al., 2015). This fractional integral operator
also satisfies the weak-(p, q) inequality (where 1 ≤ p < ∞ and 1 ≤ q < ∞) in Morrey spaces
(Sihwaningrum, 2016b). Morrey spaces were first introduced by Morrey (1940); and in this
paper, we defined Morrey spaces Lp,λ(µ) := Lp,λ(X,µ) (for 1 ≤ p < ∞ and 0 ≤ λ < n) to be
the set of all functions in Lploc in which

‖f‖p
Lp,λ(µ)

:= sup
B(x,r)

(
1

(µ(B(x, 2r)))λ

∫
B(x,r)

|f(y)|p dµ(y)

)1/p

<∞.

The weak inequalities, which measure the size of the distribution function (Duoandikoetxea,
2001), can be proved with or without Hedberg type inequality. The weak-(p, q) inequality in
Morrey spaces given by Sihwaningrum (2016b) is proved without Hedberg type inequality. In this
paper, we give an alternative proof of this inequality by employing the Hedberg type inequality.
The original Hedberg type inequality is available in (Hedberg, 1972). This alternative proof will
also need the weak-(p, p) inequality of operator maximal

Mpf(x) := (M |f |p(x))
1/p

= sup
r>0

(∫
B(x,r)

|f(y)|p dµ(y)

µ(B(x, 2r))

)1/p

(3)

in Morrey spaces. In equation (3), the operator M is defined by Sawano (2005) to be

Mf(x) := sup
r>0

1

µ(B(x, 2r))

∫
B(x,r)

|f(y)| dµ(y) (x ∈ supp(µ)). (4)

Also, equation (3) is reduced to equation (4) if p = 1. Some properties of M are presented in
some papers such as (Terasawa, 2006).

2. Main Results

The following Hedberg type inequality is an estimate for fractional integral operator Iα by
the maximal operator Mp.

Theorem 2.1. Let 0 < α < n and 1 ≤ p ≤ q <∞. If there is λ such that 0 ≤ λ < 1− αp
n , then

we have inequality

|Iαf(x)| ≤ C (Mpf(x))
1− αp

n(1−λ) ‖f‖
αp

n(1−λ)
Lp,λ(µ)

.

Proof. Let r > 0 and x ∈ X. For any function f in Lp,λ(µ), it is possible for us to decompose
the integral in the definition of the fractional integral operator such that

|Iαf(x)| ≤
∫
B(x,r)

|f(y)|
d(x, y)n−α

dµ(y) +

∫
X\B(x,r)

|f(y)|
d(x, y)n−α

dµ(y)

= A1 +A2.
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By taking into account the growth condition of µ, we find an estimate for A1, that is

A1 ≤
−1∑

j=−∞

∫
B(x,2j+1r)\B(x,2jr)

|f(y)|
d(x, y)n−α

dµ(y)

≤
−1∑

j=−∞

1

(2jr)n−α

∫
B(x,2j+1r)

|f(y)| dµ(y)

=

−1∑
j=−∞

(2jr)α22n

(2j+2r)n

∫
B(x,2j+1r)

|f(y)| dµ(y)

≤ C
−1∑

j=−∞
(2jr)α

(∫
B(x,2j+1r)

|f(y)|p dµ(y)

µ(B(x, 2j+2r))

)1/p(∫
B(x,2j+1r)

dµ(y)

µ(B(x, 2j+2r))

)1−1/p

≤ C
−1∑

j=−∞
(2jr)αMpf(x)

(
µ(B(x, 2j+1r))

µ(B(x, 2j+2r))

)1−1/p

≤ CrαMpf(x).

The growth condition of µ also provides us with

A2 ≤
∞∑
j=0

∫
B(x,2j+1r)\B(x,2jr)

|f(y)|
d(x, y)n−α

dµ(y)

≤
∞∑
j=0

1

(2jr)n−α

∫
B(x,2j+1r)

|f(y)| dµ(y)

≤
∞∑
j=0

(2jr)α
(∫

B(x,2j+1r)
|f(y)|p dµ(y)

)1/p (∫
B(x,2j+1r)

dµ(y)
)1−1/p

µ(B(x, 2j+2r))

≤ Crα
∞∑
j=0

2jαµ(B(x, 2j+1r))1−1/p

µ(B(x, 2j+2r))1−λ/p

(∫
B(x,2j+1r)

|f(y)|p dµ(y)

µ(B(x, 2j+2r))λ

)1/p

≤ Crα‖f‖Lp,λ(µ)
∞∑
j=0

2jα(2j+1r)n(1−1/p)(2j+2r)n(λ/p−1)

= Crα‖f‖Lp,λ(µ)
∞∑
j=0

2α+n(λ−1)/prn(λ−1)/p

≤ Crα+n(λ−1)/p‖f‖Lp,λ(µ).

Now, by letting

r :=

(
Mpf(x)

‖f‖Lp,λ(µ)

) p
n(λ−1)

,

the inequality

|Iαf(x)| ≤ C (Mpf(x))
1− αp

n(1−λ) ‖f‖
αp

n(1−λ)
Lp,λ(µ)

follows. �

As our next result, we have the weak-(p, p) inequality for maximal operator Mp. The proof
of this weak inequality uses Theorem 2.1 presented in (Sihwaningrum, 2016b).
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Theorem 2.2. For 1 ≤ p < ∞, there is a positive constant C such that for every positive γ
and every ball B(a, r) in X, the inequality

µ ({x ∈ B(a, r) : Mpf(x) > γ}) ≤ Crnλ
(‖f‖Lp,λ(µ)

γ

)p
holds.

Proof. By using Theorem 2.1 in (Sihwaningrum, 2016b), we find that

µ ({x ∈ B(a, r) : Mpf(x) > γ})

≤
∫
{x∈B(a,r):M |f |p(x)>γp}

χB(a,r)(x) dµ(x)

≤ C

γp

∫
X

|f(x)|pMχB(a,r)(x) dµ(x)

≤ Crnλ
(‖f‖Lp,λ(µ)

γ

)p
.

Therefore, our proof is complete. �

Now, we state Theorem 2.2 in (Sihwaningrum, 2016b) and present an alternative proof for
the theorem, that is by using the Hedberg type inequality (Theorem 2.1).

Theorem 2.3. Let 0 < α < n, 1 ≤ p ≤ q <∞, and 0 ≤ λ < 1− αp
n . If 1

q = 1
p −

α
n(1−λ) , then

µ ({x ∈ B(a, r) : |Iαf(x) > γ}) ≤ Crnλ
(‖f‖Lp,λ(µ)

γ

)q
.

Proof. Since 1
q = 1

p −
α

n(1−λ) = n(λ−1)+αp
pn(λ−1) , the Hedberg type inequality gives us

γ < |Iαf(x)| ≤ C (Mpf(x))
p/q ‖f‖

αp
n(1−λ)
Lp,λ(µ)

.

Furthermore, the weak type (p, p) inequality for maximal operators in Theorem 2.2 allows us to
find

µ ({x ∈ B(a, r) : |Iαf(x)| > γ})

≤ µ


x ∈ B(a, r) : Mpf(x) >

 γ

‖f‖
αp

n(1−λ)
Lp,λ(µ)

q/p



≤ Crnλ‖f‖p
Lp,λ(µ)

‖f‖ αp
n(1−λ)
Lp,λ(µ)

γ

q

= Crnλ

‖f‖ p(n(λ−1)+αp)
pn(λ−1) ‖f‖

αp
n(1−λ)
Lp,λ(µ)

γ

q

= Crnλ
(‖f‖Lp,λ(µ)

γ

)q
.

This is the desired inequality. �
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3. Concluding Remarks

In this paper we use Hedberg type inequality, which is a common method to prove a weak
type inequality. If we take p = 1, our result is reduced to the result in (Sihwaningrum, 2016a).
Furthermore, when we take the metric spaces to be the Euclidean spaces, Hakim and Gunawan
(2013) found that the fractional integral operator satisfies the weak-(p, q) inequality on the
generalized Morrey spaces. Hence, our result is possible to extend into generalized Morrey
spaces over metric measure spaces.

Acknowledgments. This paper is a result of Fundamental Research Program 2015, Directorate
General of Higher Education, Indonesia, No. 2101/UN23.14/PN/2015.
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