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ABSTRACT. This paper presents a weak-(p,q) inequality for fractional inte-
gral operator on Morrey spaces over metric measure spaces of nonhomoge-
neous type. Both parameters p and g are greater than or equal to one. The
weak-(p, q) inequality is proved by employing an inequality involving maximal
operator on the spaces under consideration.
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1. INTRODUCTION

Fractional integral operator, which is firstly defined by (Hardy and Littlewood,
1927), is an inverse for a power of the Laplacian operator on Euclidean spaces. This
operator is also called the Riesz potential. Riesz (1938) introduced the potential
as an extension of the Newtonian potential. Nowadays, it can be found that the
works on fractional integral operator have been developed in some directions. For
examples, (Adams, 1975), (Nakai, 1994), (Kurata, et al., 2002), (Gunawan and
Shwaningrum, 2013) and (Eridani, et al., 2014) provided some results on homoge-
neous type spaces; meanwhile (Garcia-Cuerva and Martell, 2001), (Liu and Shu,
2011), (Sihwaningrum, et al., 2012), and (Sawano an Shimamura, 2013) provided
some results on nonhomogeneous type spaces. A metric measure space (X,d, u)
is a homogeneous type space if the Borel measure p satisfies the doubling condi-
tion, that is there exists a positive constant C' such that for every ball B(a,r) the
condition

w(B(z,2r)) < Cu(B(z,r)) (1)
holds. In equation , a is the center of the ball and r is the radius of the ball.
If the doubling condition does not hold, then we have a metric measure space of
nonhomogeneous type. In spaces of nonhomogeneous type, the doubling condition
can be replaced by the growth condition

p(B(z,r)) < Cr" (2)

where n is less than or equal to the dimension of the metric measure spaces. The
action on the spaces of nonhomogeneous type goes back to the works of (Nazarov,
et al., 1998), (Tolsa, 1998), and (Verdera, 2002).
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In the metric measure spaces of nonhomogeneous type, (Garcia-Cuerva and
Gatto, 2004) defined the fractional integral operator I, to be

Lf) = [ d(fg) duy). (3)

The fractional integral operator (equation (3))) has been proved to satisfy the weak-
(1,q) an inequality in Lebesgue spaces over metric measure spaces of nonhomoge-
neous type (Garcia-Cuerva and Gatto, 2004), in Morrey spaces over metric measure
of non homogenenous type (Sihwaningrum, 2016) and in generalized Morrey spaces
over metric measure spaces of non homogeneous type (Sihwaningrum, et al., 2015).
This kind of weak type is also established in (Sihwaningrum and Sawano, 2013)
for another version of fractional integral operator. The weak inequalities measure
the size of the distribution function (Duoandikoetxea, 2001). As (Hakim and Gu-
nawan, 2013) had a result on the weak-(p, ¢) inequality (where 1 < p < ¢ < 00)
for fractional integral operator in the generalized Morrey spaces over Euclidean
spaces of nonhomogeneous type, the results on the weak-(1,q) inequality on Mor-
rey spaces over metric measure spaces of nonhomogeneous type will extended in
this paper into a weak-(p,q) inequality. Morrey spaces were first introduced by
(Morrey, 1940); and in this paper, Morrey spaces over metric spaces of non homo-
geneous type LPA () := LPA(X,pu) (for 1 < p < oo and 0 < X\ < n) contain all
functions in L{ . in which

1/p
P . 1 P
Hf“LP,A(H) : BS(:g) ((M(B(JJ,QT))))‘ /B(z,r) |f(y)‘ ,u(y)> < o0.

2. MAIN RESULTS

To prove the weak-(p,q) inequality of fractional integral operator on Morrey
spaces over metric measure spaces of nonhomogeneous type, we need the following
inequality which involves maximal operator M. This operator is defined by

1

MIE) = ey [ W) @ csere) @

(Sawano, 2005). Some properties of maximal operator M can be found for example
in (Terasawa, 2006). Note that from now on, C' denotes different positive constants.

Theorem 2.1. Let xp(4,r be the characteristic function of ball B(a,r). If f €
LPA () for 1 <p < oo and 0 < X\ < 1, then for any ball B(a,r) on X we have

|FW)PM X Bar du(y) < Cr 50 -
~ (1)
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Proof. By applying the growth condition in equation , for any function f in
LPA (i) we get

/ WP Mxs(ar duly)
X

S \/B(ayr)| ( )|pMXB (a,r) d/,& +Z/ |vf(y)|pMXB(a,r) d,u/(y)

B(a,27+1r)\B(a,27r)

<cl [ i duty +Z2 mf )P dut)
B(a,r) B(a,2it1r)\B(a,2ir)

= CHfHLm w(B(a,2r)) —|—ZQ my (a 2j+2r))>\
< CHfHLp A( (2r)™ + Z 9=In (272 nA
j=1

Cr™M I gy | 14D 2770
Since 1 — A > 0, then Z]Oil 2-9n(1=2) is convergent. As a result,

[ 1P M B0y dutw) < O,
X

Therefore, the proof is complete. O

Having Theorem we are now able to get the weak-(p, ¢) inequality for frac-
tional integral operator I,,.

Theorem 2.2. Let 0 < o < n, 1 < p<g<oo, and0 < A< 122 [f

1 _ 1
¢ = na-wy then

i({z € Bla,r) : [Laf(z) > 7}) < Crm> (W)

Proof. For any positive R, we can write |I,, f(x)| as

1f ()l Wl
Li@is [ i [ d)

=A; + As.
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An estimate for A, is

d(xy)>Rdx y" @

| N

dp(y)

lf ()]
du(y
/B(:vQJ‘HR)\B(w 2i gy d(,y)" u)

IA

1
(2_]R)’n e /B(I,2-7+1R) |f(y)| dlj’(y)

22n 2jR)O‘/
o f@)| du(y).
@ R)" B(z,27'+1R)| W)l du(y)
Since u satisfies the growth measure condition, then
Ro2Je /

o a P W)l duly
2 B 27R) Jpuzrm MY

IA

Mww

<.
I
o

m

oo

Ay <
oo

i 1/p 1-1/p
o 270
< OR" ) . 57 R) (/() Fwr "“@)) </() df“y))

Jj=0

_ rpas= 20u(B(a, 2T R)) Y 1 ) e
=CR z:: w(B(x,292R))1 — \/p ( (B(z,271t2R))> /B(x,QHlR)|f(y)| d#(?/))

< CR| o (1) S (271 R)"OTHP) (a2 gy /!
7=0

< CRo+(A/p=1/p) ||f||Lw(,L) Z 9i(a+n(X/p=1/p))
=0

By using the assumption 0 < A < 1 — 52, we find that > 72, 27 (a+n(A/p=1/p)) ig
convergent; and hence

Ay < CRT 5OVl por -

Now, an estimate for A; is given by

1/p 1-1/p
Lf )P @l
Avs </B(I,R) d(z, y)"—> du(y)) </B(I,R) d(z, y)"—> d,u(y))
Up 1-1/p
Lf)IP u(B(z, R))
= (/B(m,m Az, y)"=o d’“‘”) ( Rre )
1/p 1-1/p
Lf ()P CRr"
= (/B(xﬁ) d(z,y)n— du(y)) (R"_a>

1
< CRa(lfl/;D) (/ |f(y)|pa dﬂ(y)) p.
B(

If we let

a+ 2 (A— g
CR O 1)”f”LPv/\(u) = 57
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then A < 7 and {z € B(a,r): Ay > 1} = 0. As a result,
n({z € B(a,r) : [Laf(x)] > 7})
<pu ({x € B(a,r) : Ay > 2}) —I—,u({x € Bla,r) : Ay > 1})

2
:,LL<{JU€B(CL,T):A1 > %})

1/p
_ lfW)IP
=u z € B(a,r) : CR*~1/P) / ———— du(y >
( ) B(z,R) d(xvy)nia ( )

= ‘f(y)|p ¥ P
“({“B“ /MWWW(W)}
C (Ro0-1/Y?

C Ra(l l/p)
= du(y) du(z
/ar /;(IR {Ey () ()

O Ra (1— 1/p / / | XB(aT)( ) d/l(y) dp,(l')
B(z,R)

my)n [

CR>®—1) p XB(a,r) (.73) T
< /X 7)) ( [ ae an >> au(v)

CRo(p—1) S
<= le(:y)l R*MXp(a,r) (y) du(y)-

Furthermore, Theorem [2.1] enables us to find

~—— N2

CRap I)Ra n\
n({z € Bla,r): [Iaf(x)] >7}) < ,y—HfIILm

_ opnr (R ||pr,/\(M)>
Y

1 _ 1 _ e H
As 7= Ty give us

<Ra||pr)A(u)>p — OR™M1-) _ (”f”LP*A(u))q
ot ¥ ’

then we end up with

p({z € Bla,r) : |Inf(x)] > 7}) < Or™ (W)

This is our desired inequality. ]

3. CONCLUDING REMARKS

The results in this paper can be reduced to the result in (Sihwaningrum, 2016)
if p = 1. Besides, the proof of the weak-(p,q) inequality for fractional integral
operator on Morrey spaces over metric measure spaces of nonhomogeneous type
can be found by using other methods. One of the common methods is a proof by
using Hedberg type inequality.
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